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Explicit Mathematics

Explicit Mathematics

Explicit mathematics based on term language where terms can denote
elements of sets and sets.

No restriction on application, succ(nat) is a term.

a € b for ais an element of the set denoted by b.

$(a) for a is a name, i.e. denotes a set.
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i(u, v) denotes the accessible part of the relation v on domain u.

Closed'(a, b,S) :=Vx € a.(Vy € a.(y,x) Eb—y€S) = xeS
R(a) A R(b) — 3IX.R(i (a, b), X) A Closed'(a, b, X)
R(a) AR(b) A Closed'(a, b, ) — Vx € i(a, b).¢(x)



. Clos““i"(W,x) expresses that x is formed using the above universe
operations (excluding i) from elements in W.

o Univ(W) := (Yx € W.R(x)) AVx.Clos"™(W,x) — x € W .
e Univ(t) := 3X.R(t, X) AUniv(X).
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Extended Predicative Mahlo

Axiomatic Mahlo Universe

e To deal with size problem, when working in type theory and explicit
mathematics one needs large universes.

e Allows as well to obtain proof theoretic stronger theories.

e Axiomatic Mahlo universe is a universe M such as for every a € M
and f € M — M there exists a subuniverse u(a, f) of M which is
closed under a and f and an element of M.
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Extended Predicative Mahlo

From Axiomatic to Extended Predicative Mahlo

 Problem: introduction rule for u(a, f) depends on total functions
f : M — M, which is impredicative

e Totality on M is not really needed, only that f is total on u.

e Extended predicative Mahlo universe formalises this.
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e Formula expressing that v is a relative preuniverse:

RPU(a, f,v,u) == (¥x.Clos"™(u,x) Ax & v — x € u) A
(a€v—acu)A
(Vx Eufx€v—fxeEu)



Extended Predicative Mahlo
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Rp(v) — RPU(a, f, v,pre(a, f,v)).

Rp(v) ARPU(a, f,v,¢) = Vx € pre(a, f,v).¢(x)






Indep(a, f,v,u) == (Vx.Clos"""V(u,x) — x € v) A
acvA
(Vx € u.fx € V)



-V

b
X

- u:=pre(a,f,v)
Indep(a, f, v, u)



Univ(M) Ai € (Va,b € M — i(a, b) € M)
Indep(a, f, M, pre(a,f,M)) = u(a,f) € M Au(a,f)=pre(a,f,M)

Induction expressing M is least set with these closure properties can be
added as well.



pre (a, f, M)
Indep(a, f, M, pre (a, f,M))
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¢ Define codes for terms such as
i/n\t(a, b) :=(3,a,b)

o Let predicates P C N3 encode relations Rp, €p, ¢p by

Rp(a) = P(a,0,0),
bepa = P(ab,1),
bépa = Rp(a)A—-(bepa)



Rivt(a,u,v) = a= mjc(u, v) A Rp(u) A Rp(v)

Rint(a) = Ju, v.RBY(a, u,v)
b eint a = Ju,v.RB(a,u,v) A (bEp unbEp V)

similarly for other universe constructions



R (x)

univ

acy

ru(a, b)

x=natVx=idVRE(x)V---
aeltbvacdbvachtpy...
b=natVvb=id

v(Elu,v.bzﬁﬁ(u,v)/\uepa/\vepa)
(VAR



Model for Extended Predicative Mahlo Universe

Modelling Inductive Generation

~

REC (2, u,v) = a=i(u,v) ARp(u) ARp(v)
|"“5P°t(a7 b) ‘= Ju,v.b=i(u,v)ANucpaAvepa
b€l a = du,v.a :T(u, V)AbeEpu

AVx €p u.(x,b) Epv — x Ep a

Closedls(u,v) = Vx Ei,DT(u, v).x €pi(u, v)

Rix(a, u, v) = R7(a,u,v) A Closedis(u, v)

Ri,(a) = Ju,v.R5(a,u,v)

o(a, b) = Ju,v.b=i(u,v) A [P (a, b) A Closed’s(u, v)
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Modelling Pre universes

be PPF&POt Y

beptd
Closed®(a, f, v)

IndepP™®(2’, v)

%ppre(a’,a, f,v)
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= Ha,f,v.a = pre(a, f,v)
A (b =a
V (3x €p d.b~ {f}(x))
v T4 (pre(a, f,v), b)
= b Ege’pm anbepv

= Vb et pre(a, f,v).b cp pre(a, f, v)

= da,f.a = pre(a, f,v)
AVb €RSP 3 b ep v

= 2= pr(afv)
A Closed(a, f, v)
A(Rp(v) V IndepP®(d', v))
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RE(S) =
Bo(a) = 3Fa,f,vRP(d,a,f,v)



REP(4, a, f)
%I;D,POt(a/)

(2, 2. f)

p(d)

o = G(a, F) A TndepP(pre(a, £, M), M)
Ja, f. RPN, a, f)

%L,',’pm(a’, a, f)
A Closed®™ (pre(a, £, M), M)

Ja, f.Rp(d, a, 1)

Ja, f.Rp(a',a,f) A b ep pre(a, f,M)



M, pot
bep a
beWa

Closed

RE\(a)

a=M
A (T8V(M, b) v TP (M, b) V REP (b))

a=M
A (F“P“i"(M, b) v FiP(M, b) v R%(b))

Vb €lP M.b ep M

a= M A Closed)



Auniv(P) = Pred(?R‘,’,"i",El,';"i"

Al(P) = Pred(Rb, €b)

AP) = AMV(P)UAI(P)UAPE(P)U A" (P)UAM(P)
AP) = 0

AI(P) = A(AC(P))

A)\(P) = Ua<)\‘Aa(P)



P<Q & PCQ
AYa,b.Rp(b) — (a€p b<> a€q b)



0 =< A0)

P < A(P) — A(P) = A%(P)

= is transitive

(VB < yVa < B.P* < PP) = VB < 7.P* X, P*

Va < B.A < AP



e Let K\ be a recursively Mahlo ordinal.

e Let /{K“,, be a recursively inaccessible ordinal above k.

%ANM+1(M)

A is a model of the extended predicative Mahlo universe
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