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1.AlgebraicDataTypes

TherearetwobasicconstructionsforintroducingtypesinHaskell:

•Functiontypes,e.g.
Int→Int.

•Algebraicdatatypes,e.g.
dataNat=Z|SNat

dataList=Nil|ConsIntList
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IdeaofAlgebraicDataTypes

•dataNat=Z|SNat
ElementsofNatareexactlythosewhichcanbeconstructedfrom

–Z,
–SappliedtoelementsofNat.

i.e.Z,SZ,S(SZ),...

•dataList=Nil|ConsIntList
ElementsofListareexactlythosewhichcanbeconstructedfrom

–Nil,
–ConsappliedtoelementsofIntandList,

e.g.Nil,Cons3Nil,Cons17(Cons9Nil),etc.
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InfinitaryElementsofAlgebraicDataTypes

•Becauseoffullrecursionandlazyevaluation,algebraicdatatypesinHaskell
containaswellinfinitaryelements:

•E.g.infiniteNat=S(S(S(···))).
Definedas
infiniteNat::Nat
infiniteNat=SinfiniteNat.

•E.g.increasingStream0=Cons(0,Cons(1,···)).
Definedas
increasingStream::Int→List
increasingStreamn=Consn(increasingStream(n+1))
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MoreExamples

•TheLambdatypesandterms,builtfrombasictermsandtypes,canbe
definedas
dataLambdaType=BasicTypeString

|ArLambdaTypeLambdaType
dataLambdaTerm=BasicTermString

|LambdaStringLambdaTerm
|ApLambdaTermLambdaTerm

•Ingeneralmanylanguages(ortermstructures)canbeintroducedas
algebraicdatatypes.
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Elimination

•Eliminationiscarriedoutusingcasedistinction.
Example:
listLength::List→Int
listLengthl=caselof

Nil→0
(Consnl)→(listLengthl)+1

•Notetheuseoffullrecursion.
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SimultaneousAlgebraicDataTypes

•Haskellallowsaswellthedefinitionofsimultaneousalgebraicdatatypes.

•Example:wedefinesimultanteouslythetypeoffinitelybranchingtreesand
thetypeoflistsofsuchtrees:

dataFinTree=Root
|MkTreeFinTreeList

dataFinTreeList=NilTree
|ConsTreeFinTreeFinTreeList
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ModelforPositiveAlgebraicDataTypes

•Assumeasetof::::::::::::::::::::::::: constructors(notationC,C1,C2...)and:::::::::::::::::::::::::::::: deconstructors
(notationD,D1,D2...).

•Assumeasetof:::::::::::: termss.t.everytermhasoneofthefollowingforms(where
r,sareterms):

–variablesx.
–C.
–D.
–rs.
–λx.r.

•Weidentifyα-equivalentterms(i.e.thosewhichdifferonlyinthechoiceof
boundedvariables).
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ModelforPositiveAlgebraicDataTypes(Cont.)

•Assumeareductionrelation−→1betweenterms,s.t.

–Ct1,...,tnhasnoreduct.
–λx.thasnoreduct.
–xhasnoreduct.
–α-equivalenttermshaveα-equivalentreducts.

•Let−→betheclosureof−→1under

–reductionofsubterms(ifasubtermreducesthewholetermreduces
correspondingly)

–transitiveclosrue.

•Assumethatthereductof−→isalwaysaterm.

•Assumethat−→isconfluent.
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ModelforStrictlyPositiveAlgebraicDataTypes(Cont.)

•ForsetsoftermsS,Tlet

S→T ::::::::::::::={r|∀s∈S∃t∈T.rs−→t}

•Assumingthatwehavedefinedtheinterpretation[[B
i
j]],[[E

i
j]]oftypesB

i
j,

E
i
j.
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ModelforStrictlyPositiveAlgebraicDataTypes(Cont.)

•LetAbedefinedby

dataA=C1B
1
1···B

1
k1(E

1
1→A)···(E

1
l1→A)

|···
|CnB

n
1···B

n
kn(E

n
1→A)···(E

n
ln→A)

•DefineΓ:P(Term)→P(Term),

Γ(X):={t|tclosed∧
∃i∈{1,...,n}.
∃t1∈[[B

i
1]].···∃tki∈[[B

i
ki]].

∃s1∈[[E
i
1]]→X.···∃sli∈[[E

i
li]]→X.

t−→Cit
i
1···t

i
kis

i
1···s

i
li}
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ModelforStrictlyPositiveAlgebraicDataTypes(Cont.)

•ThealgebraicdatatypecorrespondingtoAisdefinedastheleastfixed
pointofΓ:

[[A
∗
]]=

⋂
{X⊆Term|Γ(X)⊆X}
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ModelforStrictlyPositiveAlgebraicDataTypes(Cont.)

•Becauseofthepresenceofinfiniteelements,thealgebraicdatatypesin
Haskellareinfactcoalgebraicdatatypes,givenbythegreatestfixed
points.

•Termswhichneverreducetoaconstructorshouldaswellbeaddedtothis
fixedpoint.
Wedefinethesetofterms:

∆:={t|tclosed
∧(¬∃C,n,t1,...,tn.t−→Ct1,...,tn)
∧(¬∃x,s.t−→λx.s)}
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ModelforStrictlyPositiveAlgebraicDataTypes(Cont.)

•Thelargestfixedpointisgivenby

[[A
∞

]]=
⋃

{X⊆Term|X⊇∆∪Γ(X)}

“A
∞

isthelargestsets.t.everyelementreducestoanelementintroduced
byaconstructorofA.”
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Extensions

•Modelcanbeextendedtosimultaneousandtogeneralpositive(co)algebraic
datatypes.
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2.NaiveModellingofAlgebraicTypesinJava

•WetakeasexamplethetypeofLambdaTerms:

dataLambdaType=BasicTypeString
|ArLambdaTypeLambdaType

•Version1.

–Modelthesetasarecordconsistingof
∗onevariabledeterminingtheconstructor.
∗theargumentsofeachoftheconstructors.

–Onlythevariablescorrespondingtotheargumentsoftheconstructorin
questionaredefined.
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Version1

classLambdaType{
publicintconstructor;
publicStringBTypeArg;
publicLambdaTypeArArg1,ArArg2;

}

publicstaticLambdaTypeBType(Strings){
LambdaTypet=newLambdaType();
t.constructor=0;
t.BTypeArg=s;
returnt;

};
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Version1(Cont.)

publicstaticLambdaTypeAr(LambdaTypeleft,LambdaTyperight){
LambdaTypet=newLambdaType();
t.constructor=1;
t.ArArg1=left;
t.ArArg2=right;
returnt;

};
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Elimination

•Functionsdefinedbycasedistinctioncanbeintroducedusingthefollowing
pattern:

publicstaticStringLambdaTypeToString(LambdaTypel){
switch(l.constructor){

case0:
return”BType(”+l.BTypeArg+”)”;

case1:
return“Ar(”

+LambdaTypeToString(l.ArArg1)+“,”
+LambdaTypeToString(l.ArArg2)+“)”;

default:
thrownewError(“Error”);

}
}
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GenericCaseDistinction

•Onthenextslideagenericcasedistinctionisintroduced.

–WeusetheextensionofJavabyfunctiontypes.
–WeassumetheextensionofJavabytemplates(mightbeintegratedin

Javaversion1.5).
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GenericCaseDistinction(Cont.)

publicstatic<Result>Resultelim
(LambdaTypel,
String→ResultcaseBType,
(LambdaType,LambdaType)→ResultcaseAr){

switch(l.constructor){
case0:

returncaseBType(l.BTypeArg);
case1:

returncaseAr(l.ArArg1,l.ArArg2);
default:

thrownewError(”Error”);
}

};
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GenericCaseDistinction(Cont.)

publicstaticStringLambdaTypeToString(LambdaTypel){
returnelim(l,

λ(Strings)→{return“BType(”+s+“)”;
λ(LambdaTermleft,LambdaTermright)→{

return“Ar(”
+LambdaTypeToString(left)+“,”
+LambdaTypeToString(right)+“)”);

}
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Version2

•Standardwayofmovingtoamoreobject-orientedsolution:

–elimshouldbeanon-staticmethodofLambdaType.
–SimilarlyLambdaTypeToStringcanbeanonstaticmethod(with

canonicalnametoString).
–ThemethodsBTypeandArcanbeintegratedasafactoryintotheclass

LambdaType.
–Nowthevariableconstructorandthevariablesrepresentingthearguments

oftheconstructorsofthealgebraicdatatypecanbekeptprivate.
∗Implementationisencapsulated.
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Version2(Cont.)

classLambdaType{
privateintconstructor;
privateStringBTypeArg;
privateLambdaTypeArArg1,ArArg2;

publicstaticLambdaTypeBType(Strings){
LambdaTypet=newLambdaType();
t.constructor=0;
t.BTypeArg=s;
returnt;

};
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Version2(Cont.)

publicstaticLambdaTypeAr(LambdaTypeleft,LambdaTyperight){
LambdaTypet=newLambdaType();
t.constructor=1;
t.ArArg1=left;
t.ArArg2=right;
returnt;

};

AntonSetzer:AnimplementationofalgebraicdatatypesinJavausingthevisitorpattern25



Version2(Cont.)

public<Result>Resultelim(
String→ResultcaseBType,
(LambdaType,LambdaType)→ResultcaseAr){
switch(constructor){
case0:

returncaseBType(BTypeArg);
case1:

returncaseAr(ArArg1,ArArg2);
default:

thrownewError(”Error”);
}

};
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Version2(Cont.)

publicStringtoString(){
returnelim(
λ(Strings)→{

return“BType(”+s+“)”;
},
λ(LambdaTypeleft,LambdaTyperight)→{

return“Ar(”+left+“,”+right+“)”;}
});

}
}

}
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ProblemwithVersion2(Cont.)

•Westoremorevariablesthanactuallyneeded:

–ThevariableBTypeArgisonly6=nullifconstructor=0.
–ThevariablesArArg1,ArArg2areonly6=nullifconstructor=1.
–Wouldbewasteofstoragefordatatypedefinitionswithlotsofconstructors.

•Solution:
DefineLambdaTypeasanabstractclass.

–BType,AraresubclassesofLambdaTypewhichstoretheargumentsof
theconstructorofthealgebraicdatatype.

•Elimmakesnowcasedistinctiononwhetherthecurrenttermisaninstance
ofBTypeorAr.

–TheelementhasthentobecastedtoanelementofBTypeorAr,inorder
toretrievetheargumentsoftheconstructorofthealgebraicdatatype.
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ClassDiagramforVersion3

# arg: String# arg1, arg2: LambdaTerm

+ elim(...)

LambdaTerm

Ar BTerm
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Version3

abstractclassLambdaType{

public<Result>Resultelim(
String→ResultcaseBType,
(LambdaType,LambdaType)→ResultcaseAr){

if(thisinstanceofBType){
returncaseBType(((BType)this).arg);

}
elseif(thisinstanceofAr){

returncaseAr(((Ar)this).arg1,((Ar)this).arg2);
}
else
{thrownewError(”Error”);
};

};
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Version3(Cont.)

publicStringtoString(){
returnelim(λ(Strings){

return”BType(”+s+”)”;
},

λ(LambdaTypeleft,LambdaTyperight){
return”Ar(”+left+”,”+right+”)”;}
});}

};
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Version3(Cont.)

classBTypeextendsLambdaType{
protectedStringarg;
publicBType(Strings){

arg=s;
};

};
classArextendsLambdaType{

LambdaTypearg1,arg2;
protectedAr(LambdaTypeleft,LambdaTyperight){

arg1=left;
arg2=right;

};};
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SteptoVersion4

•InsteadofdefiningeliminLambdaTypeandthenmakingcasedistinction,we
can

–leaveeliminLambdaTypeabstract,
–implementeliminBTypeandAr.

•Thennomoretypecastingisrequired.

•Theargumentsoftheconstructorofthealgebraicdatatypecannowbekept
private.
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ClassDiagramforVersion4

+ elim(...)

+ elim(...)+ elim(...)

− arg: String− arg1, arg2: LambdaTerm

LambdaTerm

BTermAr
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Version4

abstractclassLambdaType{

abstractpublic<Result>Resultelim(
String→ResultcaseBType,
(LambdaType,LambdaType)→ResultcaseAr);

publicStringtoString(){···}
}
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Version4(Cont.)

classBTypeextendsLambdaType{
privateStringarg;
publicBType(Strings){

arg=s;};

public<Result>Resultelim(
String→ResultcaseBType,
(LambdaType,LambdaType)→ResultcaseAr){
returncaseBType(arg);

};

;
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Version4(Cont.)

classArextendsLambdaType{
privateLambdaTypearg1,arg2;
publicAr(LambdaTypeleft,LambdaTyperight){

arg1=left;
arg2=right;};

public<Result>Resultelim(
String→ResultcaseBType,
(LambdaType,LambdaType)→ResultcaseAr){
returncaseAr(arg1,arg2);

};
}
;
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FurtherSimplification

•Wecannowformaninterfacewhichsubsumesalleliminationsteps:

interfaceLambdaElim<Result>{
ResultcaseBType(Strings);
ResultcaseAr(LambdaTypeleft,LambdaTyperight);

;}

•AnelementofLambdaElimcorrespondstothetwoeliminationstepsused
previously.

AntonSetzer:AnimplementationofalgebraicdatatypesinJavausingthevisitorpattern38



Version5

abstractclassLambdaType{

abstractpublic<Result>Resultelim(LambdaElim<Result>steps);

publicStringtoString(){···}
}
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Version5(Cont.)

classBTypeextendsLambdaType{
privateStrings;
publicBType(Strings){this.s=s;};

public<Result>Resultelim(LambdaElim<Result>steps){
returnsteps.caseBType(s);};};

classArextendsLambdaType{
privateLambdaTypeleft,right;
publicAr(LambdaTypeleft,LambdaTyperight){

this.left=left;this.right=right;};

public<Result>Resultelim(LambdaElim<Result>steps){
returnsteps.caseAr(left,right);};};
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Generalization

•Theabovegeneralizesimmediatelytoall(evennon-positive)algebraicdata
types.

–Usingtheimplmentationoffunctiontypeswecannowforinstancedefine
Kleene’sO.

•ThetypetheoryinJavaallowssimultaneousdefinitionsofdatatypes.

–Thereforesimultanousalgebraicdefinitionsarealreadycontainedin
theabove.
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Example:Kleene’sO

interfaceKleeneOElim<Result>{
ResultzeroCase();
ResultsuccCase(KleeneOx);
ResultlimCase(Int→KleeneOx);};

abstractclassKleeneO{
publicabstract<Result>Resultelim(KleeneOElim<Result>steps);};

classZeroextendsKleeneO{
publicZero(){};

public<Result>elim(KleeneOElim<Result>steps){
returnsteps.zeroCase();};

};
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Example:Kleene’sO(Cont.)

classSuccextendsKleeneO{
privateKleeneOpred;
publicSucc(KleeneOpred){

this.pred=pred;
};
public<Result>elim(KleeneOElim<Result>steps){

returnsteps.succCase(pred);};
};
classLimextendsKleeneO{

privateInt→KleeneOpred;
publicLim(Int→KleeneOpred){

this.pred=pred;};

public<Result>elim(KleeneOElim<Result>steps){
returnsteps.limCase(pred);};};
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Example:FinTree

interfaceFinTreeElim<Result>{
ResultrootCase();
ResultmktreeCase(FinTreeListx);

};

abstractclassFinTree{
publicabstract<Result>Resultelim(FinTreeElim<Result>steps);};

classRootextendsFinTree{
publicRoot(){};

publicObjectelim(FinTreeElimsteps){
returnsteps.rootCase();};

};
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Example:FinTree(Cont.)

classMkTreeextendsFinTree{
privateFinTreeListpred;
publicMkTree(FinTreeListpred){

this.pred=pred;
};
public<Result>Resultelim(FinTreeElim<Result>steps){

returnsteps.mktreeCase(pred);};
};
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Example:FinTree(Cont.)

interfaceFinTreeListElim<Result>{
ResultnilCase();
ResultconsCase(FinTreex,FinTreeListl);

};

abstractclassFinTreeList{
public<Result>Resultelim(FinTreeElimList<Result>steps);

};

classNilextendsFinTreeList{
publicNil(){};
public<Result>Resultelim(FinTreeElimList<Result>steps){

returnsteps.nilCase();};
};
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Example:FinTree(Cont.)

classConsextendsFinTreeList{
privateFinTreearg1;
privateFinTreeListarg2;
publicCons(FinTreearg1,FinTreeListarg2){

this.arg1=arg1;
this.arg2=arg2;

};
public<Result>Resultelim(FinTreeElimList<Result>steps){

returnsteps.consCase(arg1,arg2);
};

};
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3.DefiningAlgebraicTypesusingEliminationRules

•IfwelookagainattheVersion-4-definitionofclassLambdaType,weseethat
itisdefinedbytheeliminationrule:

abstractclassLambdaType{

abstractpublic<Result>Resultelim(
String→ResultcaseBType,
(LambdaType,LambdaType)→ResultcaseAr);

}

•Notethatwehavenorecursionhypothesis.

–Notneededsincewehavefullrecursion.
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Correctness

•Foreveryelementofthenewtypesdefinedwehavedefinedcasedistinction.

–Givenbyelim.

•Furtherwehaveintroducedtheconstructionscorrespondingtothe
constructorsofthealgebraicdatatype.

–GivenbytheJava-constructorsofthesubclasses(BType,Ar)inthe
exampleabove.
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Correctness(Cont.)

•Finallytheequalityrulesarefulfilled.

–Ifs=Cia1···ani,then

casesof(C1x
1
1···x

1
n1)→case1x

1
1···x

1
n1

···
(Ckx

k
1···x

k
nk)→casekx

k
1···x

k
nk

shouldevaluateto
caseka1···ani

–Butthatsthedefinitionofeliminthatcase.
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Correctness(Cont.)

•Thereforethealgebraicdatatypesaremodelledinsuchawaythatthe
introduction,eliminationandequalityprinciplesforthosetypesare
fulfilled.

•Thismeansthatfromatypetheoreticpointofviewthisisacorrect
implementationofthealgebraicdatatype.
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ComparisionwithSystemF

•Thedefinitionofaninductivedatatypebyitseliminationrulesissimilarto
thesecondorderdefinitionofalgebraicdatatypesinSystemF:

•Example:NatinSystemFisdefinedas

∀X.X→(X→X)→X

–ZeroisdefinedasΛX.λz.λs.z.
–Succ(n)isdefinedasΛX.λz.λs.s(nXzs)

•Inourdefinition,referencestotherecursionhypothesisarereplacedby
referencestothetypetobedefined.
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Nat

abstractclassNat{

abstractpublic<X>Xelim(
()→XcaseZero,
Nat→XcaseSucc);

}

Nat=∀X.(()→X)→(Nat→X)→X
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Nat(Cont.)

classZeroextendsNat{
publicZero(){};

public<X>Xelim(
()→XcaseZero,
Nat→XcaseSucc){
returncaseZero();

};
};

Zero=λX.λcaseZero.λcaseSucc.caseZero()
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Nat(Cont.)

classSuccextendsNat{
privateNatn;
publicSucc(Natn){

this.n=n;
};

public<X>Xelim(
()→XcaseZero,
Nat→XcaseSucc){
returncaseSucc(n);

};
};

Succn=λX.λcaseZero.λcaseSucc.caseSucc(n)
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VisitorPattern

•Thesolutionfoundisveryclosetothevisitorpattern.

•AnimplementationofLambdaTermbyusingthevisitorpatterncanbe
obtainedfromtheabovesolutionasfollows:

–Replacethereturntypeoftheelimmethodbyvoid.
∗Ifonewantstoobtainaresult,onecanexportitusingsideeffects.
∗However,toexportitthiswayisrathercumbersome.

AntonSetzer:AnimplementationofalgebraicdatatypesinJavausingthevisitorpattern56



VisitorPattern(Cont.)

•Insteadofreferringtotheargumentsoftheconstructorofthealgebriacdata
typeinelim,onereferstothewholeobject(whichisanelementofBType
orAr).

–Iftheirargumentsarepublicwecanaccessthem.

•NowallthestepsofLambdaElimhavedifferentargumenttypes.

–Becauseofpolymorphism,wecangiveallstepsthesamename,“:::::::: visit”.

•LambdaElimiscalledinthevisitorpattern:::::::::::::: Visitor.

•elimiscalled::::::::::::: accept.
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LambdaTypeUsingtheVisitorPattern

interfaceVisitor{
voidvisit(BTypet);
voidvisit(Art);

;}

abstractclassLambdaType{
abstractpublicvoidaccept(Visitorv);

}
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LambdaTypeUsingtheVisitorPattern(Cont.)

classBTypeextendsLambdaType{
privateStrings;
publicBType(Strings){this.s=s;};

publicvoidaccept(Visitorv){
v.visit(this);};

};

classArextendsLambdaType{
privateLambdaTypeleft,right;
publicAr(LambdaTypeleft,LambdaTyperight){

this.left=left;this.right=right;};

publicvoidaccept(Visitorv){
v.visit(this);};

};
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DisjointUnion

•Ifwelookagainatdefinitionofthevisitor:

interfaceVisitor{
voidvisit(BTypet);
voidvisit(Art);

;}

abstractclassLambdaType{
abstractpublicvoidaccept(Visitorv);

}

weseethatthisisthedefinitionofLambdaTypeasthedisjointunion
ofBTypeandAr:

LambdaType=BType+Ar
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DisjointUnion(Cont.)

•TodefinetheproductoftypesinJavaistrivial:
Thisisarecordtype.

•TodefineasetrecursivelyisbuiltintotheJavatypechecker.

•Thedefinitionof
dataA=C1(···)|···|Ck(···)

canbesplitintotwoparts:

–A=B1+···+Bk

–dataBi=Ci(···).

•Thevisitorpatternisessentiallya(becauseofthereturntypevoidsub-
optimal)wayofdefiningthedisjointunion.
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Conclusion

•Startedwithanaiveimplementationofalgebraicdatatypes.

•Derivedfromthisadefinition,whichdefinesalgebraicdatatypesby
elimination.

•CarriedoutacomparisonwiththeVisitorpattern.

•Foundthatthevisitorpatternisanimplementationofthedisjointunion.

•TheimplementationinJavaisconsiderablymuchlongerthanthedefinition
inHaskell.

–NeedforsuitablesyntacticsugarforalgebraicdatatypesinJava.
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