Section 2

Encoding of Data Types into

#® There are lots of different data types available.

#® Some data types have finite size.
s E.g. the type of Booleans {true, false}.

#® Some data types have infinite size but are still “small”.
s E.g. the type of natural numbers N = {0,1,2,..., }.
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Encoding of Data Typesinto N

# Some data types are “big”.
s E.g. the set of subsets P(N) of N.

» Subsets of N have in general no finite description.
s Some are finite (e.g. {0,1, 3}).
s Some can be described by formulae
- E.g. the set of even numbers is

{n e N|dm e Nn=2m} .

s But there are subsets which cannot be described
by formulae.

s There is no way of associating a finite description
to all elements of P(N).
- This will be shown In this section.
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Size and Computability

# We can introduce a notion of computabillity for finite and
for small infinite data types.

s E.g. it makes sense to compute certain functions
mapping natural numbers to natural numbers.
# We cannot introduce in general a notion of
computability for big data types.

» We cannot even represent its elements on the
computer.
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Size and Computability

#® There are notions of computability for certain “big data

types” which make use of approximations of elements
of such data types.

s Topic of intensive research in Swansea esp. of Ulrich

Berger, Jens Blanck, Monika Seisenberger, John
Tucker.

» One considers especially R and sets of functions
(E.g. N— N, (N— N) — N).

» Not part of this lecture.
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Topic of this Section

# In this Section we will make precise the notion of size of
a set.

s Notion of “cardinality” and “equinumerous”.

s We will introduce a hierarchy of sizes.
s We will be able to distinguish between sizes of
different “big” sets.

® Countable sets will be the sets, which were called
“small” above.

o This notion will include the finite sets.
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Notions of Computability

® We will later introduce computability on N.

#» Computability on countable sets will in this section be
reduced to computability on N.
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Structure of this Section

(a) Mathematical background.

(b) Cardinality.

(c) Countable sets.

(d) Reducing computability to N.

(e) Encoding of some data types into N.

(f) Further mathematical background: Partial
functions.
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(a) Mathematical Background

Some Standard Sets

# Nis the set of natural numbers :
N:={0,1,2,...} .

» Note that 0 Is a natural number.

s When counting, we start with 0:
s The element no. 0 of a sequence is what is usually
called the first element:
E.Q.,Inxg,...,z,_1, xo IS the first variable.
s The element no. 1 of a sequence is what is usually
called the second element.

E.Qg.,Inxzg,...,z,_1, x1 IS the second variable.
s efc.
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Some Standard Sets

® Zis the set of integers :
Z:=NU{-n|neN} .

So
Z=A{...,—4,-3,-2,-1,0,1,2,3,4,...,}
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Some Standard Sets

# Qisthe set of rationals , I.e.

X
@:{§|$€Z,yEN,y#O} y

' 2 —3 =2
s S0 Q contains %, ==, =7, €tc.
» As usual we identify equal fractions e.qg.
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Some Standard Sets

» Risthe set of real numbers .

s E.Q.

0.333333--- € R,
V2 ER,

—V2 € R,

T e R.

LI T R
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Some Standard Sets

® Assume A, B are sets.
» A x Bisthe product of A and B:

Ax B:={(z,y)|x € ANy € B}

s A — B isthe set of functions f : A — B.
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Some Standard Sets

® Assume Aisaset, k € N.
Then A is the set of L-tuples of elements of A or

L-fold Cartesian product of A defined as follows:

Ak - = {(x()a"'axk—l) ‘ L0y v vy -1 EA} '

Note that
A" ={()}

We identify A with A.
So we don’t distinguish between (z) and .

Essentially, A" = A x --- x A.

k tiaes
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A*

® We define

A = {(ao,...,ak_l) | ke N ag,...,ar_1 EA}

So A* Is

s the set of sequences of elements of A (of arbitrary
length),

» also called the set of lists of A,
» or A-Kleene-Star .

® So A*is the union of all A* for k € N, i.e.

keN
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A*

Remark:

#® A* can be considered as the set of strings having letters
In the alphabet A.

s E.g.If
A=Ha,bc,... 2} ,

then A* Is the set of strings formed from lower case
letters.

s SO (r,e,d) stands for the string “red”.

® A* is the set of strings of length & from alphabet A.
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P(X)

® P(X), the powerset of X, Is the set of all subsets of X.
# For finite sets X, the power set of X will be finite:

P({Ov 1, 2}) — {{}a
10}, {1},{2},
{0,1},{0,2},{1,2}
{0,1,2}}

# For infinite sets X we will see that the X is big
(“uncountable”).

# Therefore we cannot write down the elements of P(X)
for such X.
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Exercise

® Write down P({0,1,2,3}) and P({0,1,2,3,4}).

# Make sure you have the right number of elements:
If a set has n elements, then P(X) has 2" elements.
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Image of f

Definition 2.1
let f: A— B, C C A.

(@ f[C]:={f(a)|aec C}is called the image of ' under f.

(b) The image of A under f (i.e. f|A]) is called the
image of /.
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Image of f

CS_226 Computability Theory, Michaelmas Term 2008, Sec. 2 (a) 2-19



Image of f

Image of C under f.
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Image of f

Image of C under f.

flCl = e, f}
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Image of f

Image of f.

flAl = e, f. 9}
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Injective/Surjective/Bijective

Definition 2.2
Let A, Bbesets, f: A— B.

(&) fisinjective oran Injection or one-to-one , if
f applied to different elements of A has different results:

Va,b € A.a £b— f(a) # f(b).

(b) fis surjective or a surjection oronto, if
every element of B is in the image of f:
Vbe B.Ja € A.f(a) =b.

(C) fisbiective orabiection ora

one-to-one_correspondence
If it Is both surjective and injective.
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Visualisation of “Injective”

If we visualise a function by having arrows from elements
a € Ato f(a) € B then we have the following:

# A function is injective , If for every element of B there is
at most one arrow pointing to it

Injective non-injective
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Visualisation of “Surjective”

#® A function is surjective , If for every element of B there
IS at least one arrow pointing to it

surjective non-surjective
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Visualisation of “Bijective”

# A function is bijective , If for every element of B there is
exactly one arrow pointing to it

bijective

# Note that, since we have a function, for every element
of A there iIs exactly one arrow originating from there.
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Remark

# The Injective, surjective, bijective functions are closed
under composition:
s If f: A— Bandg:B — C are injective (or surjective
or bijective), then go f : A — C'is injective
(surjective, bijective, respectively) as well.

#® Proof: See mathematics lectures or easy exercise.
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Infinite Sequences

# An infinite sequence of elements of a set B Is an
enumeration of certain elements of B by natural
numbers.

s E.g. the sequence of even numbers is
(0,2,4,6,8,...)
s We might repeat elements, e.g.

(0,2,0,2,0,2,...)
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Infinite Sequences

#® Seguences of natural numbers are written as

(an)nEN
which stands for
(ag,ay,asz,...)

s So the sequence of even numbers is

(0,2,4,6,...)
= (ag, a1, as, .. .)
— (an)nEN

where
an = 2N
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Infinite Sequences

#® A sequence
(an)nEN
of elements in A is nothing but a function f : N — A, s.t.

f(n) =ap

# In fact we will identify functions f : N — A with infinite
seguences of elements of A.
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Infinite Sequences

# So the following denotes the same mathematical object:

0 If nis odd,

The function f : N — N, = .
‘ / — N, f(n) { 1 Ifnis even.
s The sequence (1,0,1,0,1,0,...).

0 If nis odd,

o The sequence (a where a,, = L
‘ (@n)nen " { 1 if nis even.
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Infinite Sequences

# Occasionally, we will enumerate sequences by different
iIndex sets.

s E.g. we consider a sequence indexed by non-zero
natural numbers

(@n)nen\{0}
or a sequence indexed by integers

(az2)zez

® A sequence (a;).cp Of elements in A is nothing but the
function

f:B— A, f(x):ax
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A-Notation

# J\z.t means in an informal setting the function mapping
x 10 t.
E.Q.
s Mx.x + 3is the function f s.t. f(z) =x + 3.
s Ax.y/x Is the function f s.t. f(z) = /x.

® This notation used, If one one wants to introduce a
function without giving it a name.

# Domain and codomain not specified — when this
notation is used, this will be clear from the context.
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The “dot”-notation.

® |n expressions like

V. A(z) A\ B(x)

the quantifier (vVx.) is as far as possible:

s In
V. A(x) N B(x)

Vz. refers to

A(x) N B(x)

CS_226 Computability Theory, Michaelmas Term 2008, Sec. 2 (a)

2-31



The “dot”-notation.

® |n

(A—Vax.B(x) ANC(z))V D(z)

Vz refers
only to

B(z) AN C(x)

This Is the maximum scope possible
It doesn’'t make sense to include “) v D(x)” into the
scope.
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The “dot”-notation.

® |n

Jz.A(x) A B(x)

dx refers to

A(x) N B(x)

® In
(ANTdz.B(z) Vv C(z)) A D(x)

dx refers to

B(z) Vv C(x)
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The “dot”-notation.

#® This applies as well to \-expressions.

s SO
ANC.x + X

IS the function taking an x and returning = + .
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Relations, Predicates and Sets

#® A predicate on aset Ais a property P of elements of A.
In this lecture, A will usually be N* for some k € N,

k> 0.
o We write ”(a) for “predicate P Is true for the element a
of A”.

# We often write “P(x) holds ” for “P(x) Is true”.
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Relations, Predicates and Sets

#® We can use P(a) In formulas. Therefore:
s —P(a) (“not P(a)”) means that “P(a) Is not true”.

s P(a) A Q(b) means that “both P(a) and Q(b) are true”.
s P(a) Vv (Q)(b) means that “P(a) or Q(b) Is true”.

(We have inclusive or: if both P(a) and Q(b) are true,
then P(a) vV Q(b) Is true as well).

s Vr ¢ B.P(x) means that “for all elements z of the set

B P(x) Is true”.
s Jov € B.P(x) means that “there exists an element z of

the set B s.t. P(x) is true”.
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Relations, Predicates and Sets

# In this lecture, “relation” is another word for “predicate”.

# We identify a predicate P ona set Awith {z € A| P(x)}.
Therefore predicates and sets will be identified.
E.g., If PIs a predicate,

s rc Pstandsforz e {xr e A| P(x)},

which is equivalent to P(z),
s Vo € Py(x)foraformula ¢ stands for

V. P(x) — p(x).
s eftc.

CS_226 Computability Theory, Michaelmas Term 2008, Sec. 2 (a) 2-37



Relations, Predicates and Sets

#® An n-ary relation or predicate on N is a relation
P C N".
A unary, binary , ternary relation on N is a 1-ary, 2-ary,
3-ary relation on N, respectively.

s Forinstance < and equality are binary relations on
N.

#® An n-ary function on N is a function f : N” — N.

A unary, binary , ternary function on N is a 1-ary, 2-ary,
3-ary function on N, respectively.
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T, 1 etc.

# In many expressions we will have arguments, to which
we don’t refer explicitly.
Example: Variables zg,...,z,-1In

_ g(CUQ,...,SUn_l), Ify:O’
f(:lj'(), . ,xn—lay) _ { h(gjo7 . ,an—l)a Ify > 0.

# We abbreviate xg,...,z,_1, by Z.
® Then the above can be written shorter as

L ) ogl@), ity =0,
(Z,y) = { Wz, ify>0.
#® In general, ¥ stands for xg, ..., x,_1, Where the number

of arguments n Is clear from the context.
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Examples

o |If
f:N"+1—>N

thenin f(Z,y),
7 needs to stand for n arguments.
Therefore

fIZC(),...,LCn_l

f:N"+2—>N

thenin f(Z,y),
7 needs to stand for n + 1 arguments,
SO

T = LOy--+9Tn
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Examples

# If Pis an n + 4-ary relation, then in P(Z,y, z),
r stands for

L0y -+ o5y In+l

# Similarly, we write i for

Yo, -- - Yn—1

where n Is clear from the context.
o Similarly for
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Notation

o
v € N.p(7)
stands for
Vxo,...,Tn—1 € Nup(xg,...,Tpn_1)
where the number of variables n is implicit (and usually
unimportant).
o

IS to be understood similarly.
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Notation

o
{7 e N" | p(7)}
IS to be understood as
{(zo,. -, on-1) €N" | (z0,...,Zn-1)}
o

{(Z,y,2) e N"2 | o(Z,y,2)}
IS to be understood as

{(3307 ceey In—1,Y, Z) S Nn+2 ‘ 90(3307 ey Ip—1,Y, Z)}

# Similar notations are to be understood analogously.
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(b) Cardinality

# In this subsection, we will make precise the notion of

“small”, “big” sets above.
So we need a notion of size of a set.

°

® For finite sets one can introduce a number for the size
of a set.

# For infinite sets, introducing such numbers (cardinality)
IS beyond the scope of this lectures

# However, we can introduce a notion of relative size |,
namely what it means for one set to be
smaller/equal/greater in size than another set.

s Equinumerous will mean “equal in size”.
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Number of Elements

Notation 2.3
If Ais a finite set, let |A| be the number of elements in A.

Remark 2.4

One sometimes writes # A for |A].
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Cardinality of Finite Sets

If A and B are finite sets, then |A| = |B|, if and only if there
IS a bijection between A and B:

Bijection exists No Bijection
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Cardinality of Finite Sets

?
No Bijection

#® The above can be generalized to arbitrary (possibly
Infinite sets) as follows:
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Cardinality of Sets

Definition 2.5
Two sets A and B are equinumerous or

“have the same cardinality ”, in mathematical notation
Ax.B

If there exists a bijection

f:A— B

Remark 2.6
If A and B are finite sets, then A ~ B if and only A and B
have the same number of elements, i.e. |A| = |B].
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Cardinality of infinite sets

#® However we have N and NU {e}, where e is a new
element, are equinumerous.

s f:N—=NU{e}, st
s f(0)=e, f(n+1)=n
IS a bijection.
# Analogy with a hotel with infinite many rooms numbered
by natural numbers.

s This hotel can always accomodate a new guest, by
moving every guest from room n to room n + 1, and
the new guest to room no. 0.
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Change of Notation

# Until the academic year 2004/05, we used in lectures

s “have the same cardinality” instead of
“equinumerous”,

s and ~ instead of ~.
s Note that ~ is used (and was used) for partial
equality as well.
s Change of notation in order to avoid the
overloading of notation.

» Please take this into account when looking at old
exams and other lecture material.

# Both notions occur as well in the literature and might be
used in other modules.
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Notion of Cardinality in Set Theory

# In set theory there exists the notion of a cardinality
which is some kind of number (an ordinal ) which
measures the size of a set.

s Then one can show:
s A =~ B Iff the cardinality expressed as an ordinal
for A and B Is the same.

s However, this notion is beyond the scope of this
module.
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~ as an Equivalence Relation

Lemma 2.7
~ IS an equivalence relation, i.e. for all sets A, B, C' we
have:

(a) Reflexivity. A=~ A.
(b) Symmetry. If A~ B, then B = A.
(c) Transitivity. If A~ Band B~ C, then A~ C.

Proof:
(a): The functionid : A — A, id(a) = a IS a bijection.
(b): If f: A — B is a bijection, so is its inverse f—!.

(c: f f: A— Bandg: B — C are bijections, so is the

compositiongo f : A — C.
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Meaning of the above

# That =~ Is an equivalence relation means that it has
properties we expect of a relation expressing that two
sets have the same size:

s Every set has the same size as itself
A~ A

o If A has the same size as B, then B has the same

size as A.
A~ B - B~ A

o If A has the same size as B and B has the same
size as C then A has the same size as ('

(A BAB=(C)— A=xC
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Meaning of the above

o If we wrongly defined A and B to have the same size if

there is an injection from A to B then symmetry
wouldn’t hold.

#® So there is something to be shown, the language

notation we use only suggests that the above
mentioned properties hold.

s Don't let yourself be deceived by language!
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Cardinality of the Power Set

Theorem 2.8
A set A and its power set P(A) :={B | B C A} are never
equinumerous:

A& P(A)
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Stronger Result

# In fact we will show something even stronger:
For any set A the following holds:
there Is no surjection

C:A—PA)

# If this is shown, then we know that there is no bijection
C:A—-PA),A%PA).

® Remark on Notation:

» We write here the capital letter C instead of the
usual letters f, ¢ etc. for functions, in order to flag
that C'(a) IS a set.

o For notational convenience we write C,, instead of
C(a), SO Cy Is “the ath set enumerated by the
function C™.
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Proof

A typical diagonalisation argument.

First consider the case A = N.

Assume C : N — P(N) Is a surjection.

We defineaset D C Ns.t. D # (), for every n € N.

D = C,, will be violated at element n:

s IfneC,, we add n notto D, therefore
neCpAné&D.

s Ifn¢C,, weaddnto D, thereforen & C,, An € D.
# On the next slide we take as an example some function

C' : N — P(N) and show how to construct a set D s.t.
C, # D for all n € N.

© o o o o
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Example
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Co = { 1, 2 3 4 )
c, = { /o Q 2. 4 !
Co = { 1, 3, }
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Example
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Example
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Example

e e N e N e
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Co = { 1, 2 3 4

C; = { /0, 2, 4,

Cy = | 1 3,

c; = { |o (1, @ 4,
(

We were going through the diagonal in the above matrix.

R e i = =

}
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Co = { I, 2, 3 4 !

c, = { /o 2. 4, !

Co = { 1, 3, }

c; = { |o (1, @ 4, !
(

» -1 O®OO0 -

We were going through the diagonal in the above matrix.

Therefore this proof is called a diagonalisation argument.
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Proof

So we define

D:={neN|ngC,} .
We have D =# C), for all n:
Assume D = (),

# Ifn e D, then by the definition of D we have n ¢ C,,
therefore by D = C,, we get n € D, a contradiction.

® Ifn & D, then by the definition of D we have n € C,,,
therefore by D = C,, we get n € D, a contradiction.

Therefore we obtain a contradiction in both cases, D # C,.
Therefore D is not in the image of C, so C Is not a surjection,

a contradiction.
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Formal Proof ( A = N)

In short, the above argument for A = N reads as follows:
Assume C' : N — P(N) Is a surjection.
Define

D:={neN|n&C,} .

Since C' is surjective, D must be in the image of C.
Assume D = (),
Then we have

neD Deflnlt(lio)n of D neC,

Déc“' né&D
a contradiction
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General Situation

For general A, the proof is almost identical:
Assume C' : A — P(A) Is a surjection.
We define a set D, s.t. D = C,, Is violated for a:

D:={acAlagC,}

Since C' is surjective, D must be in the image of C.
Assume D = C,. Then we have

e D Deflnlt(lio)n of D 0 C,

DéCa a g D
a contradiction
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P(A)and A — Bool

Lemma 2.9 For every set A

P(A) =~ (A — Bool) ~ (A — {0,1})

Remark: Note that we can identify the set of Booleans Bool
with {0, 1} by identifying

® true with 1,
® false with 0.

Therefore we get (A — Bool) =~ (A — {0,1}).
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Proof

® lLetfor Be P(A)

Xg : A—{0,1}
1 fzeB
X = ’
5(2) {0 if 2 & B.

Xp Is called the characteristic _ function of 5.

s If we consider 0 as false and 1 as true, then we get

true Ifx e B
X — ’
5(®) { false If x ¢ B.

» Therefore Xz Is the function, which determines
whether its argument is in B or not.
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Example: B = set of Odd Numbers

0 ifnis even,
1 If nis odd.
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Proof

# y Is afunction from P(A)to A — {0,1}, where we write
the application of y to an element B as Xp instead of

X(B).
# We show that y Is a bijection.
s Then it follows that P(A) ~ (A — {0,1}).
Jump over rest of proof
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#® y has an inverse:
Define

Yoo (A—{0,1}) — P(A)
X'(f) = {zeA| flx)=1}
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y and y~! are inverse

1l € B
X jp— 7 )
B(7) { 0 otherwise.

<
L
N

|

lze Al f(z) =1}

# We show that y and y~! are inverse:
® Yo yisthe identity:
® |[f BC A, then

X' (Xp)

(€ A Pp(x) = 1)
{re A|x e B}
B

CS_226 Computability Theory, Michaelmas Term 2008, Sec. 2 (b) 2-67



y and y~! are inverse

1l € B
X = , )
B(7) { 0 otherwise.

<
L
N

|

lze Al f(z) =1}

® y oy !isthe identity:
o If f: A—{0,1}, then
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y and y~! are inverse

1l € B
X = 7 )
B(7) { 0 otherwise.

<
L
N

|

lze Al f(z) =1}

and

Therefore x,-1(y) = f.
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y and y~! are inverse

It follows that y Is bijective and therefore

P(A) ~ (A —{0,1}) .
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(c) Countable Sets

Definition 2.10

® Aset Ais countable | ifitis finite or A =~ N.
#® A set, which is not countable, is called uncountable .

& |Intuitively
s uncountable sets are very big

o countable sets are finite or small infinite sets.
s Countable sets have at most the size of the N.
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Relationship to Cardinality

# Intuitively (this can be made mathematically precise)
the cardinalities of sets start with the finite cardinalities
0,1,2,...corresponding to finite sets having 0,1, 2, ...
elements.

s All these cardinalities are different (for finite sets A, B
we have A = B iff A and B have the same number of

elements).
#® Then the next cardinality is that of N.

# Then we have higher cardinalities like the cardinality of
P(N) (or R).
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Relationship to Cardinality

P(N)

# Countable sets are the sets having cardinality less than
or equal the cardinality of N.

s Which means they have cardinality of N or finite
cardinality.
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Examples of (Un)countable Sets

® N IS countable.

® 7Z:={...,-2,-1,0,1,2,...} Is countable.
» We can enumerate the elements of Z in the following
way:

0,+1,—1,42,—2,+3, -3, +4, —4, .. ..

So we have the following map:

0—0, 1—+1, 2+ —1, 3— +2, 4+— —2, etlC.
This map can be described as follows:

g:N— 7,

g(n) ==

—7" If n IS even,
”T“ if nis odd.

Exercise: Show that g Is bijective.
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lllustration of 7Z i1s Countable

N N N N N
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Examples of (Un)countable Sets

# P(N)is uncountable.
s P(N) is not finite.
s N2 P(N).

#® P({1,...,10}) is countable.
s Since itis finite.
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Characterisation of Countable Sets

Lemma 2.11
A set A is countable, if and only if there is an injective map

g: A— N.

Remark 2.12

Intuitively, Lemma 2.11 expresses: A is countable, if we can
assign to every element a € A a unique code f(a) € N.
However, it is not required that each element of N occurs as

a code.
The code f(a) can be considered as a finite description of

a. SO A Is countable if we can give a unique finite
description for each of its element.
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Proof of Lemma 2.11, “ =

="
Assume A is countable.
Show that there exists an injective function f : A — N.

® Case A is finite:

Let A = {ay,...,a,}, Where a; are different.
We can define f: A — N, a; — 1.
f s injective.

# Case A is infinite:
A Is countable, so there is a bijection from A into N,
which Is therefore injective.
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Proof of Lemma 2.11, * <«

“<”. Assume f: A — N is injective.

Show A Is countable.

If A Is finite, we are done.

Assume A is infinite. Then f Is for instance something like
the following:
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Proof of Lemma 2.11, “ <

In order to obtain a bijection ¢ : A — N, we need to jump
over the gaps in the image of f:

The remaining (very interesting) proof will not be given in

the lecture. Jump over remaining proof.
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Proof of Lemma 2.11, * <«

® f(a) =1, which is the element number O in the image of

f

g should instead map a to 0.
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Proof of Lemma 2.11, * <«

® f(b) =4, which is the element number 1 in the image of

f

g should instead map b to 1. Etc.
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Proof of Lemma 2.11, * <«

# 1is element number 0 in the image of f, because the
number of elements f(a’) below f(a) is 0.
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Proof of Lemma 2.11, * <«

# 41is element number 1 in the image of f, because the
number of elements f(a’) below f(b) is 1.

CS_226 Computability Theory, Michaelmas Term 2008, Sec. 2 (c) 2-83



Proof of Lemma 2.11, * <«

So in general we define g : A — N.

g(a) == [{a" € A| f(a') < f(a)}]
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Proof of Lemma 2.11, * <«

g(a) :={a’ € A| f(d') < f(a)}

g Is well defined, since f is injective, so the number of
a' € As.t f(a') < f(a)is finite.
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Proof of Lemma 2.11, * <7

gla) = {a" € A| f(a') < f(a)}
We show that ¢ Is a bijection:
® g IS injective:
Assume a,b € A, a # b.

Show g(a) # g(b).
By the injectivity of f we have f(a) # f(b).
Let for instance f(a) < f(b).
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Proof of Lemma 2.11, * <«
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Proof of Lemma 2.11, * <«

Then

(@ e Al f(d) < fla)} £ {d € A| f(d) < f(B)} .
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Proof of Lemma 2.11, * <«

therefore

gla) ={d" € A| f(d') < f(a)}| < {d' € A| f(d') < (D)} = g(b)
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Proof of Lemma 2.11, * <«

therefore

gla) ={d" € A| f(d') < f(a)}| < {d' € A| f(d') < (D)} = g(b)

g(a) # g(b).
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Proof of Lemma 2.11, * <«

g(a) =H{a" € A f(a') < f(a)}

® ¢ IS surjective:
We define by induction on k for £ € N an element a;, € A
S.t. g(ax) = k. Then the assertion follows:

Assume we have defined already ag, ..., ar_1.
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Proof of Lemma 2.11, * <7

There exist infinitely many o' € A, f is injective, so there
must be at leastone o’ € As.t. f(d') > fagp_1).
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Proof of Lemma 2.11, * <7

There exists o’ € As.t. f(d') > f(ar_1).

Let n be minimal s.t. n = f(a) for some a € A and n >

flak—1).
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Proof of Lemma 2.11, * <7

n minimal s.t. n = f(a’) forsome o’ € A, n > f(ap_1)

Let a be the unique element of A s.t. f(a) = n.
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Proof of Lemma 2.11, * <7

n minimal s.t. n = f(a) forsome a € A, n > f(ap_1)

fla)=n

{a" € A] f(d") < f(a)} = {a" € A| f(a") < flap—1)}U{ar-1} -
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Proof of Lemma 2.11, * <«

Therefore g(a) = |{a" € A| f(a") < f(a)}]
= NHa" e A| f(d") < flax_1)}| + 1
= glag—1) +1=k—-1+1=Fk .
Let a; := a.
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Corollary

Corollary 2.13

(a) If Bis countable and g : A — B Injective,
then A is countable.

(b) If Ais uncountable and ¢ : A — B Injective,
then B is uncountable.

(c) If Bis countable and A C B, then A is countable.

Proof:

# (a) If B Is countable, there exists an injection f : B — N,
Butthen fog: A — N is an injection as well, therefore
A Is countable.

o (b): By (a). Why? (Exercise).
# (c): By (a). (What is ¢g?; exercise).
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Corollary (Cont.)

Corollary 2.13

(d) If Ais uncountable and A C B, then B is uncountable.
(e) If A~ B, then A is countable if and only if B Is
countable.

Proof:

# (d): By (c). Why? (Exercise).
#» (e): By (a). Why ?

Remark:

# A corollary is a lemma/theorem which is a direct
consequence of a more difficult lemma or theorem
shown before.
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Injection and Size

# Intuitively we can say:
s That there exists an injective function

f:A— B
means that the size of A is less than or equal to the
size of B.
s That A C B means that there is an injection from A
Into B.
s So the size of A is less than or equal to the size of
B.
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Characterisation of Count. Sets, Il

Lemma 2.14
A set A is countable, if and only if A = () or there exists a

surjection h: N — A.

Remark: This explains the notion “countable”. A non-empty
set is countable if we can enumerate its elements
(repetitions are allowed).

2nd Remark: The empty set () is countable, but there exists
no surjection h : N — () — in fact there exists no function

h:N — () at all.

Jump over Proof.
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Proof of Lemma 2.14

“=". Assume A is countable. If A is empty we are done.
So assume A Is non-empty.
Show there exists a surjection f : N — A.

# Case A is finite.
Assume A = {ag,...,an}.
Define f : N — A,

ap Otherwise .

f Is clearly surjective.
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Proof of Lemma 2.14

# Case A s infinite.
A Is countable, so there exists a bijection from N to A,
which is therefore surjective.
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Proof of Lemma 2.14

="
® If A=0, then A is countable.

® So assume A and
h : N — A Is surjective

® Show A Is countable.
® Define
g : A—->N
gla) = min{n | h(n) =a} .

® ¢(a) Is well-defined, since h Is surjective:

s There exists some n s.t. h(n) = a, therefore the
minimal such » is well-defined.
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Proof of Lemma 2.14

. A—N |
g(a) = min{n | h(n) =a}

o |t follows that for « € A we have

h(g(a)) =a .

#® Therefore g Is injective:
s If g(a) = g(a’) then

a=h(g(a)) = h(g(d')) =d" .

#® Therefore g : A — N s an injection, and by Lemma
2.11, A is countable.
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Corollary

Corollary 2.15

(a) If Ais countable and g : A — B surjective,
then B is countable.

(b) If B is uncountable and ¢ : A — B surjective,
then A is uncountable.
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Proof of Corollary 2.15 (a)

# To be shown: If A is countable, g : A — B Is surjective,
then B is countable as well.

#® SO0 assume A is countable, g : A — B Is surjective.

o If Ais empty, then B is empty as well and therefore
countable.

s (We need to treat A = () as a special case, since in
that case there exists no surjection f : N — A as
assumed in the next step, even so A is countable).
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Proof of Corollary 2.15 (a)

# Otherwise there exists a surjection
f:N— A

But then
gof:N— B

IS a surjection as well,
therefore B Is countable.
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Proof of Corollary 2.15 (b)

# Follows by (a). Why?
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Surjectivion and Size

& Intuitively we can say:
» That there exists a surjective function

f:A— B

means that the size of A is greater than or equal to
the size of B.
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Examples of Uncountable Sets

Lemma 2.16
The following sets are uncountable:

(@ F:={f|f:N—{0,1}}.

(b) G:={f|f:N— N}

(c) The set of real numbers R.

# Proof of (a): By Lemma 2.9 P(N) ~ (N — {0,1}).
P(N) is uncountable, therefore N — {0, 1} as well.

#® Proof of (b): F C G, Fis uncountable, so G is
uncountable.
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ldea of Proof of Lemma 2.16 (c)

# In order to show R is uncountable, it suffices to show
that the half open interval |0, 1]
(le. {reR|0<x<1})
IS uncountable).

# Elements of [0, 1] are In binary representation of the
form

(0.aparazas - -+ )2
where a; € {0, 1}.
® (an)ney is afunction N — {0, 1}.

# If the function mapping sequences (ay)pen : N — {0, 1}
to R were injective, then we could conclude from
N — {0, 1} uncountable that |0, 1| and therefore R are

uncountable.

CS_226 Computability Theory, Michaelmas Term 2008, Sec. 2 (c) 2-105



ldea of Proof of Lemma 2.16 (c)

# However this function is not injective since
0.apaias - --a,011111--- and 0.agaias - - - a, 100000 - - - are
the same number.
s This is similar to decimal representation, where
0.aparas - - - a,099999 - - - and 0.agaias - - - a, 100000 - - -
are the same.

# This problem can be overcome with some effort.

#® The detailed proof will be omitted in the lecture.
Jump over Proof.
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Proof of Lemma 2.16 (c)

® Show R Is uncountable.
» By (b),

F={f|f:N—{0,1}}
IS uncountable.
® A firstidea is to define a function

fo @ F—=R,
folg) = (0.9(0)g(1)g(2)---)2

Here the right hand side is a number in binary format.

# If fy were injective, then by I’ uncountable we could
conclude R is uncountable.
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Proof of Lemma 2.16 (c)

Show R IS uncountable.

#® The problem is that
(0.apay - - - a01111--- )9 and (0.agay - - - a5 10000 - - - )9

denote the same real number, so fj IS not injective.

# We modify f, so that we don’t obtain any binary
numbers of the form

(0.(10&1 s ak01111 s )2 .
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Proof of Lemma 2.16 (c)

® Define instead

f : F—-R,
flg) == (0.9(0)0g(1)0g(2)0---)2 ,
® SO
f(g) = (0.aparag - - - )2
where

D If & Is odd,
71 g(%) otherwise.
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Proof of Lemma 2.16 (c)

# |[f two sequences

(bo, bi,ba, .. ) and (C(), C1,C2, .. )

do not end In
1.1.1.1

) ) ) /A )

l.e. are not of the form

(do,du,...,d;,1,1,1,1,1,...)

) ) ) ) )

then one can easily see that

(O.bobl e )2 — (O.C()Cl e )2 ~ (b(),bl,bg, - ) = (C(),Cl,CQ, - )
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Proof of Lemma 2.16 (c)

Therefore

¢t ¢ 90

0
K

||
Q\

f Is Injective.
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More Uncountable Sets

Lemma 2.17
If Ais infinite, then P(A) and {f function | f: A — {0,1}}
are uncountable.

Proof: Exercise (reduce it to Lemma 2.16 (a)).
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Countable and Complement

» Lemma 2.18
(a) If A, B are countable, sois AU B.
(b) If Ais uncountable and B is countable then A\ B is
uncountable.
® Here A\ B={a€ A|a¢ B},
so A\ B is A without the elements in B.
# Note that

s (@) reads: If two sets are small, their union is small
as well.

s (b) reads: If one removes from a big set a small set,
then what remains is still big.

CS_226 Computability Theory, Michaelmas Term 2008, Sec. 2 (c) 2-113



Proof of Lemma 2.18 (a)

°

To be shown: If A, B are countable, sois A U B.

# We will use the fact that a set X is countable if and only
If it Is empty or there exist a surjective function
f:N— X.

#® Therefore we need to treat the special cases when A or
B are empty.

#® Case 1. Ais empty.
Then AU B = B which is countable.

#® Case 2. B is empty.
Then AU B = A which Is countable.
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Proof of Lemma 2.18 (a)

® Case 3: A, B are not empty.
s By A, B countable there exist surjective functions

f:N— A g:N— B
s Deflneh:N — AU B,

] f(5) Ifniseven,
hn) { g(%5L) i nis odd.

s SO f(n) =h(2n) and g(n) = h(2n + 1).
o Therefore

AU B = fIN]Ug|N] C h|N]

f Is surjective.
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Proof of Lemma 2.18 (a)

Assume f:N— A, g: N — B.
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Proof of Lemma 2.18 (a)

h(2n) = f(n), h(2n + 1) = g(n):
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Proof of Lemma 2.18 (a)

h(2n) = f(n), h(2n + 1) = g(n):

CS_226 Computability Theory, Michaelmas Term 2008, Sec. 2 (c) 2-117



Proof of Lemma 2.18 (a)
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Proof of Lemma 2.18 (a)
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Proof of Lemma 2.18 (a)
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Proof of Lemma 2.18 (a)
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Proof of Lemma 2.18 (a)

h(2n) = f(n), h(2n + 1) = g(n):
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Proof of Lemma 2.18 (a)

h(2n) = f(n), h(2n + 1) = g(n):
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Proof of Lemma 2.18 (a)

h(2n) = f(n), h(2n + 1) = g(n):
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Proof of Lemma 2.18 (a)

h(2n) = f(n), h(2n + 1) = g(n):
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Proof of Lemma 2.18 (a)

h(2n) = f(n), h(2n + 1) = g(n):
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Proof of Lemma 2.18 (a)

h(2n) = f(n), h(2n + 1) = g(n):
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Proof of Lemma 2.18 (a)

h(2n) = f(n), h(2n + 1) = g(n):

5 f
N
0 A
1
2
2
N | 3—
. —
0
5
6 N |1 B
2
g

Jump over the alternative proof
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Alternative Proof of Lemma 2.18 (a)

® To be shown: If A, B are countable, sois AU B.
® So assume A, B are countable.
#® Then there exist (by Lemma 2.11) injective functions

f:A—N | g:B—N .
# Define

h : AUB — N

B f(x) .2 ifz e A
he) = {g(m).Z—I—l ifx € B\ A

# h s Injective.
#® Therefore, by Lemma 2.11, AU B is countable.
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Proof of Lemma 2.18 (b)

# To be shown:
If AIs uncountable and B is countable, then A\ B is
uncountable.

#® Assume A is uncountable, B is countable and A\ B
were countable.

# Then AN B is countable (since AN B C B).

® Therefore A= (A\ B) U (AN B) Is countable as well, a
contradiction.
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Proof of Lemma 2.18 (b)

A uncountable, a contradiction

ANDKB

countable
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Continuum Hypothesis

Remark:
® One can show P(N) =~ R.

# Both these sets are uncountable, so they have size
bigger than N.

# Question: Is there a set B which has size (cardinality)
between N and R?
s l.e. there are injections N — B and B — R,
s but neither bijections N — B nor B — R.

® Continuum Hypothesis : There exists no such set.

# Continuum Hypothesis is independent of set theory
l.e. It IS neither provable nor is its negation provable.

s This was one of the most important open problems
In set theory for a long time.

CS_226 Computability Theory, Michaelmas Term 2008, Sec. 2 (c) 2-121



Paul Cohen

Paul Cohen
(1934 — 2007)

Showed 1963 that the
continuum hypothesis s
Independent of set theory.
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(d) Reducing Computabilityto N

#® Goal: Reduce computability on some data types A to
computability on N.

A could be for instance the set of strings, of matrices, of
trees, of lists of strings, etc.

# |If we can do this, then there is no need for a special
definition of computability on A, we can concentrate on
the notion of computability on N.

# We can reduce computabiliy on A to computability on
N, Iif we have two intuitively computable functions
s encodey : A — N,
o decodey : N — A.
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Reduction of Computability to N

» cncodey : A — N, decodey : N — A.

® Assume we have such functions encode 4, decode 4,
encodep, decodep for A and B.

# Then from an intuitively computable f : A — B we can
obtain an intuitively computable function

f :=encodeg o f odecodey : N — N

A - B

decode 4 encodep

N - N
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Reduction of Computability to N

# Furthermore from a computable ¢ : N — N we can
obtain an intuitively computable function
g := decodep o g o encodey : A — B:

A9 .

A

encode 4 decodep

N - N
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Reduction of Computability to N

#» We would like to take the computable functions
g : N — N as representations of all computable
functions f: A — B.

s Inthe sense that f represents the functionyg: A — B.

# This is possible if for any intuitively computable
f:A—Bwefindag:N—Ns.t.g=7F.

~

# We want to use g = f, which is computable, if f Is
computable.

® But then we need f = f.
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Reduction of Computability to N

~

f — encodeB O f O decodeA N — N,

want f = f.

# In order to obtain f = f, we need

AN

~

f

decodep o f o encodey

decodep o encodep o f o decode 4 o encodey

f

||. ||

. . .y
(= Is the equality we need, whereas the other equalities
follow by the definition).
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Reduction of Computability to N

|
decodep o encodep o f odecodey ocencodey = f

® This is fulfilled if we have

decodey4 oencodey = 1idy
decodep o encodeg = 1idp

where id 4 Is the identity on A, i.e. Az.z similarly for idg.
# This means that

Vx € A.decodey(encodey(z)) = x
Vx € B.decodeg(encodep(x)) = x
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Reduction of Computability to N

Vo € A.decodey(encodey(z)) = x
Vx € B.decodeg(encodep(x)) = x

# This is a natural condition: If we encode an element of
A, and then decode it, we obtain the original element of
A back, similarly for B.

» Note that relationship to cryptography: if we encrypt
a message and then decrypt it, we should obtain the
original message.
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Reduction of Computability to N

® Note that we don’t need

encode 4 (decodeg(x)) = x

» Such a condition would mean: every elementn € N
IS a code for an element of A (namely decode 4(n)).

s In cryptography this means: not every element of the
datatype of codes is actually an encrypted message.
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Computable Encodings

Informal Definition

A data type A has a computable encoding into N,
If there exist in an intuitive sense computable functions

encodegq : A — N | anddecodey : N — A
such that for all « € A we have

decode 4(encodey(a)) = a
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Computable Encodings

decode 4(encodey(a)) = a

# Note that by the above we obtain encode 4 IS Injective.

s In general we have for two functions f : B — C,
g:C — Dthatif go fis injective, then f is injective
as well.

#® Therefore if A has a computable encoding into N, then

there exists an injection encodey : A — N, therefore A is
countable.
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Extension of the Encoding

o

°

We want to show that we have computable encodings
of more complex data types into N.

Assume A and B have computable encodings into N.

Then we will show that the same applies to
s A x B, the product of A and B,

s AF the set of k-tuples of A,
s A*, the set of lists (or sequences) of elements of A.

The proof will show as well that if A, B are countable,
SO are

Ax B, AF A .
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(e) Encod. of Data Typesinto N

# In order to show that A x B, A*, A* have computable
encodings into N, if A, B have, it suffices to show that

NxN N N* .

have computable encodings into N.
# Note that N> = N x N.
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Reductionto N

# In order to see this assume we had already shown that

N" N* |
have computable encodings, so we have computable
Injections
encoden» : N" — N |
encodep* : N* — N .
with corresonding computable decoding functions.
#® Assume A, B have computable with encodings

encodey : A— N |
encodeg : B — N .
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Reductionto N

# Then we obtain a computable encoding

encodegaxp : (AxXB)—N

encodesxg((a,b)) = encodeNQ((encodeA() codeB( ))
_ eN eN
\ e J
eN
In short
encodegxp((a,b)) = encodeye((encodey(a),encodep(h)))

Exercise: Define decode 45 5, ShOw
decode s« g(encodesx g(x)) = x and verify that decode s«
IS Iintuively computable.
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Reductionto N

encode g : AF - N
encode 4 ((ag, ...,a5_1)) =
encodey ((encode(ap), encodey(ar), . .., encodea(ag—1)))
g g{\l g{\l glr\l 7
N
In short
encode 4« ((ag,...,a5_1)) =
encodeyx (encodey(ag), encode4(ay), ..., encode(ag—_1))

Exercise: Define decode 4+, Show decode 4« (encode4x (x)) = x

and verify that decode 4+ IS Intuively computable.
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Reductionto N

We obtain a computable encoding

encodeg : A*— N
encodeg-((ag,...,an-1)) =
encodey- ((encode4(ap), encodes(ar), ..., encodes(an—1)))
\ 2 J
eN
In short
encode g+ ((ag,...,an—1)) =

encodey ((encodey (ag), encode 4(a1)

...,encodey(a,_1)))

Exercise: Define decode 4+, Show decode 4« (encode 4« (x)) = x

and verify that decode4- is intuively computable
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Encoding of Pairs

® The first step is to give a computable encoding of N?
Into N.

# In fact our encoding will be a bijection.
# We will define intuitively computable functions

T : N2 =N
m : N — N
m : N —N

s.t. 7 and
An.(mo(n), m1(n)) : N — N

are inverse to each other.
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Encoding of Pairs

T : N2 >N
m : N — N
m : N —N
#® Therefore we obtain a computable encoding of N x N
iInto N with
encodenyy (= T . N > N

decodenxy = Az.(mo(x),7m1(x)) : N — N2
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Encoding of Pairs

# 7 will be called the pairing function and x; the

projection functions or short projections .
7 is a computable encoding of N? into N.
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Definition of =«

Pairs of natural numbers can be enumerated in the
following way:

—_

>~ W DN
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Definition of =«
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Attempt which fails

Note, that the following naive attempt to enumerate the
pairs, fails:

Y 0 1 2 3

7(0,0) 7(0,1) 7(0,2) 7(0, 3)

B~ W N — O 8
Ll
Ll
Ll
Ll

7(0,0) =0, w(0,1) =1, (0,2) = 2, etc.

We never reach the pair (1,0).
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Devel. of a Formula for Defining =

# In the following we are going to develop a mathematical
formula for .

# |n the lecture this material was omitted and we give

directly the definition of .
Jump over Development of .
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Definition of =«

O — O KR
W == <O
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Definition of =«

O — O KR
W == <O

For the pairs in the diagonal we have the property that x + y
IS constant.
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Definition of =«

2 D
7
4

A

O — O KR

o = <O

For the pairs in the diagonal we have the property that x + y
IS constant.
The first diagonal, consisting of (0,0) only, is given by

r+1y=0.
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Definition of =«

2 D
7
4

A

O — O KR

o = <O

For the pairs in the diagonal we have the property that x + y
IS constant.
The second diagonal, consisting of (1,0), (0,1), Is given by

r+y=1.
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Definition of =«

2 D
7
4

A

O — O KR

o = <O

For the pairs in the diagonal we have the property that x + y
IS constant.

The third diagonal, consisting of (2,0), (1,1),(0,2), is given
by x +y = 2.
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Definition of =«

2 D
7
4

A

O — O KR

o = <O

For the pairs in the diagonal we have the property that x + y
IS constant.

The third diagonal, consisting of (2,0), (1,1),(0,2), is given
by x +y = 2.

Etc.
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Definition of =«

O — O KR
W == <O
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Definition of =«

O — O KR
W == <O

If we look in the original approach at the diagonals we see
that following:
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Definition of =«

D
7

2
4

O — O KR
W == <O

A

If we look in the original approach at the diagonals we see
that following:

# The diagonal given by = + y = n, consists of n + 1 pairs:
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Definition of =«

D
7

2
,
7 4
el

If we look in the original approach at the diagonals we see
that following:

O — O KR

o = <O

# The diagonal given by x + y = n, consists of n + 1 pairs:

s The first diagonal, given by = + y = 0, consists of
(0,0) only, i.e. of 1 pair.
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Definition of =«

D
7

2
4

O — O KR
W == <O

A

If we look in the original approach at the diagonals we see
that following:

# The diagonal given by x + y = n, consists of n + 1 pairs:

s The second diagonal, given by = + y = 1, consists of
(1,0),(0,1), i.e. of 2 pairs.
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Definition of =«

D
7

2
,
7 4
el

If we look in the original approach at the diagonals we see
that following:

O — O KR

o = <O

# The diagonal given by x + y = n, consists of n + 1 pairs:

s The third diagonal, given by x + y = 2, consisting of
(2,0),(1,1),(0,2), Il.e. of 3 palrs.
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Definition of =«

D
7

2
,
7 4
el

If we look in the original approach at the diagonals we see
that following:

O — O KR

o = <O

# The diagonal given by = + y = n, consists of n + 1 pairs:
s The third diagonal, given by x + y = 2, consisting of
(2,0),(1,1),(0,2), Il.e. of 3 palrs.
s eflc.
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Definition of =«

(N
Ot

A

W N = OR
S W = <O
N
I\~
\

We count the elements occurring before the pair (zq, yo).

# We have to count all elements of the previous
diagonals. These are those given by = + y = n for
n < xg+ Yo-
s In the above example for the pair (2, 1), these are the
diagonalsgivenby x +y=0,2+y =1,z +y = 2.
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Definition of =«

DO |

A

\\
~IN\
\

W N = OIS

s The diagonal, givenby x +y =n, hasn +1
elements, so In total we have
ST ) =124 (w4 y) = T
elements in those diagonals.

n(n+1)
5 -

s A often used formula says > ;" ;i =

r+y)(x+y+1) .

Therefore, the above iIs ( 5
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Definition of =«

(N
Ot

A

W N = OR
S W = <O
N
I\~
\

# Further, we have to count all pairs in the current
diagonal, which occur in this ordering before the current
one. These are y pairs.

s Before (2,1) there is only one pair, namely (3,0).
s Before (3,0) there are 0 pairs.
s Before (0,2) there are 2 pairs, namely (2,0), (1,1).
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Definition of =«

(N
Ot

A

W N = OR
S W = <O
N
I\~
\

s Therefore we get that there are In total

ty)etytl) | o) pairs before (z,y), therefore the pair

(z,y) is the pair number (&Y Ly in this

order.
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Definition of =«

Definition 2.19
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7 1S Bijective

Lemma 2.20
7 IS bijective.

Omit Proof
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Proof of Bijectivity of

We show 7 Is injective:
We prove firstthat, if  +y < 2’ + ¢/, then n(z,y) < w(2', y):

T4y T4y r+y+1
mry) =0 i)ty < ) D)+aty+l= Y i
1=1 1=1 1=1
x/_'_y/
< () i)+y =x(y)
1=1
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Proof of Bijectivity of

We show = Is Injective:
Assume now 7(x,y) = w(2’,y') and show z = 2/ and y = ¢/'.
We have by the above

x—l—y:x’+y’ :

Therefore

and
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Proof of Bijectivity of

We show 7 is surjective:

Assume n € N.

Show 7 (z,y) = n for some z,y € N.

The sequence (Zf;l i) ren 1S Strictly existing.
Therefore there exists a k s.t.

k
a::Zi§n<
i=1

(
i=1
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Proof of Bijectivity of

neN
Show 7 (z,y) = n for some z, y

a—Zz<n<Z (%)

So, in order to obtain n(x,y) = n, we need x + y = k.

By y = w(z,y) — >.7" 74, we need to define y :=n — a.
By kK = = + vy, we need to define x := k — v.

By (x) it follows 0 <y < k + 1,

therefore x,y > 0. Further,

w(z,y) = (O ) +y= (i) + (=30 i) =n.
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Definition of g, 7

Since  Is bijective, we can define my, 71 as follows:

Definition 2.21
Let g : N — Nand m; : N — N be s.t.

mo(r(z,y) =2, m(r(r,y) =y .
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m, m; are Computable

Remark
7, Ty, 1 are computable in an intuitive sense.

“Proof:”
# 7 IS obviously computable.

# In order to compute g, 71, first observe that
v,y < (T, y).
s Follows from r(z,y) = (32727 4) + .

# Therefore my(n), m1(n) can be computed by
s searching for z,y < n s.t. n(x,y) = n,
s and then setting mo(n) = z, m1(n) = v.
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Remark 2.22

Remark 2.22
For all z € N,

m(mo(2),m(2)) = 2 .

Proof:
Assume z € N and show

z=m(mp(2),m1(2)) .

7 IS surjective, so there exists z, y S.t.

w(z,y) =z .
Then
m(mo(2), m1(2)) = n(mo(7(z,y)), m(7(z,y))) = 7(z,y) = 2.
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Encoding of N*

® We want to encode N¥ into N.

® (I,m,n) € N° can be encoded as follows
s Firstencode (I,m) as n(l,m) € N .
» Then encode the complete triple as

m(m(l,m),n) e N .
o So define
Wg(l,m,n) =n(w(l,m),n) .

» Similarly (I,m,n,p) € N* can be encoded as follows:

7T4(l,m,n,p) = m(n(w(l,m),n),p) .
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Decoding Function

® Ifz =73, m,n) =n(x(l,m),n), then we see
o | =mo(mp(x)),
s m = m(m(x)),
s n=m(x).
® So we define
s 75 () = mo(mo()),
s m(x) = mi(mo(x)),

0
o m(x) = m ().
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Decoding Function

® Similarly, if x = 7*(I,m,n,p) = n(7(7x(l,m),n),p), then we
see
e | = my(mo(mo(x))),
e m = m(mo(mo(x))),
e n=m(m(x)).
s p=m(x).
#® So we define

s mo(x) = mo(mo(mo(x))),

(
s mi(x) = mi(mo(mo(x))),
s my(x) = mi(mo(x)).
® 7T3(37) = m1(7).
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Definition for General &k

In general one defines for k > 1

ok Nk—>N,

ﬂk(xo,...,xk_l) = 7(---w(m(xo,x1),T2)  Th_1) ,
and for i < k
™ : N—-N |

my(x) = mo(---mo( @)---) |
W
k — 1 times

and for 0 < 7 < k,

mi(x) = mi( mo(mo(---mo( x)---))) -

k—1 —Vl times
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Formal definition of =¥,

# Then =¥ and
Me.(mi(x), ... v (x)

are inverse to each other.

» A formal inductive Definition of 7% and =¥ is as follows:
Jump over formal definition of =
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Definition 2.23 of ¥, 7%

(a) We define by inductionon kfork e N, k> 1

™ . NN
m(z) = x
Fork >0 n*"(xg,...,25) = w(x"(xo,...,26_1), T%)

(b) We define by induction on k£ for i,k € Ns.t. 1 <k,

0<i<k
Wf : N—-N
mo(r) = @
7Tiﬁl(ﬂ?) = wf(wo(az))forz'<k
mit(2) = ()
—OmitExamples:
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Lemma 2.24

(@) For (zg,...,z5-1) €NV, i <k, x; = m¥ (7% (20, ..., 25_1)).

()

(b) Forz € N, z = n*(nf(x),...,7F_,(2)).

(Omit Proof)
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Proof

Induction on k.

Base case k = 0:
Proof of (a):

Let (z9) € N1,

Then 775(7?1(51:0)) = Z0.
Proof of (b):

Let x € N.

Then 7l (7} (x)) = .
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Proof of Lemma 2.24

Induction step k — k + 1:
Assume the assertion has been shown for k.
Proof of (a):
Let (:I:‘o, e ,ilfk) c NF+L
Then

fori < k Wf+1(ﬂk+1(xo, e )
Wf(ﬂg(ﬂ(ﬂk(xo, ey Th1),TE)))
ﬂf(ﬂk(:m, ey TE_1))

I |

Lg

@

an 7T£+1(7Tk+1(:130, ey TE))

7T1(7T(7Tk(513(), c. ,:Ek_l), xk))
Lk
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Proof of Lemma 2.24

Induction step k — k + 1.
Assume the assertion has been shown for k.

Proof of (b):
Let x € N.
7Tk+1(7T§+1(33), ’77./]24—1(33))
_ r(7k (b (), . 7 (@), 7B ()
= m(m" (m§ (w0 (), - ., w1 (w0 (), m1 ()
B (@), M)
Rem.:2.22
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Encoding of N*

# We want to define an encoding encodey+ : N* — N
(which will be a bijection).

® N*=NOUJ,>, N
® NV={()},

We can encode () as 0.

» Encoding of | J;-, N*:
s We have an encoding

" NF O N .
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Encoding of N*

# Note that each n € N is a code for elements of N* for
every k.

s So if we encoded (ng,...,n;_1) as 7" (ng, ..., nk_1)
we couldn’t determine the length k of the original
sequence from the code.

# S0 we need to add the length to the code for
(ng,...,nk_1) (considered as an element of N*).

# Therefore encode a sequence (nyg,...,ni_1) € N* for
k> 0as

m(k —1,7"(no, ..., nk—1)) .

In order to distinguish it from code of (), add 1 to it.

°

# In total we obtain a bijection.
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Definition 2.25 of (), |h, (x);

(a) Define for z € N*, (x) : N as follows:

0 = {0)=0,

fork >0

(ng,...,nk—1) = {((nog,...,ng_1))
= 14+ 7(k—1,7%nog,...,nk_1))

(b) Define for x € N, the length Ih(x) € N as follows:

h @ N—-N,
h(0) == 0,
lh(z) = mop(z—1)+11fx>0 .
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Definition 2.25 of (), |h, (x);

(c) We define for z € N and i < Ih(x), the ith component

(:E)Z cN

of a code z for a sequence as follows:

(x); = Wl-h(x)(m(:v —1)) .

(]

For Ih(z) <4, let
(.f)z =0 .
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Remark

® |h(z), (z); are defined in such a way that Lemma 2.26
(a), (b) given below hold.

# This shows that Ih, (z); together form the inverse of the
forming of (zg,...,xr_1).
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(ZCQ, - 7$/{—1> VS. <ZEQ, . ,ZCk_1>

Remark:

(a) Note that (zg,...,z;_1) IS @ tuple, which is an element

of N*, whereas (zg, ..., z,_;) is the code for this tuple,
which is an element of N.

(b) Especially () € NV is the empty tuple, whereas
() = 0 € Nis the code for the empty tuple.
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Lemma 2.26

Lemma 2.26

(@) Ih({)) =0, th({ng,...,ng)) =k+1.
(b) For: < k, (<n0, . ,n;{>)7j = n,;.

(c) Forz e N,z = ((z)o, .-, (T)h(z)-1)-
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Remark

If we define

!N — N*
O~ H=@) = ()0, -, (@in(z)-1)
Then we have by Lemma 2.26
<>_1(<$0, . ,xn_1>) = (x(), . ,xn_l)

so ()1 is the inverse of 7 +— (7).
(Omit Proof of Lemma 2.26)
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Proof of Lemma 2.26 (a)

Proof of (a):
Show: Ih({)) = 0:
Ih({)) = Ih(0) = 0.

Show: Ih({nog,..., ng)) =k +1:

lh({ng, ..., ni)) = mo({no,..., ng) — 1)+ 1
= mo(m(k,---)+1—-1)+1
— k41
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Proof of Lemma 2.26 (b)

Proof of (b):
Show (<n0, o ,nk>)z = Nj;.
|h(<n0, . e ,nk>) =k + 1.

Therefore
({ng, ..., nE))i
— ﬂf+1(7rl(<n0,...,nk> —1))
- mt (m (1 + w(k, 7" (no, ... ng)) — 1))
= Wf_i_l(?'('k_‘_l(nO; )
Lem 2.24 (a)

Uz
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Proof of Lemma 2.26 (c)

Proof of (c):

Show z = <(£E)(), Ceey ($>Ih(x)—1>'

Case z = 0.

lh(z) = 0. Therefore {(x)o, ..., (T)h@)-1) = () =0==z.
Case x > 0.

Letx — 1 =7(l,y).

Then |h(z) =1+ 1, (z); = 7. (y) and therefore

()05 - (T)ih(z)-1)

= (o W), - T (W)

_ r(l, 7T A ), m T ) + 1

Lem 2:.24 (b) r(lLy) + 1

— X
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Encoding of Finite Sets, Strings

Informal Lemma
If Ais a finite non-empty set, then A and A* have computa-

bles encoding into N.
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Proof of the Informal Lemma

® Assume
A=Aag,...,an}
where a; # a; fori # j, n > 0.
#® Define
encodey, : A— N
encode(a;) = 1 .
Define
decodey, : N — A
decode4(i) = a;Ifi<n
decode4(i) = agIfi > n.
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Proof of the Informal Lemma

® cncodey and decode 4 are in an intuitive sense
computable, and

decodey(encode4(a)) = a

#® Therefore A has a computable encoding into N,
#® Therefore A* has as well a computable encoding into N.

Remark: One easily sees that the encoding obtained by
this proof is

encodey« : A* —> N |

encode-(ag,...,ay) = (encodeg(ag),...,encode(an,))
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Theorem 2.27

Theorem 2.27

(a) N¥ and N* are countable.

(b) If A is countable, so are A*, A*.
(c) If A, B are countable, sois A x B.

(d) If A, are countable sets for n € N, so Is | J,,.x 4n

(e) Q, the set of rational numbers, is countable.
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Proof of Theorem 2.27 (a)

o N = {()}is finite therefore countable.

® Fork>0
™ NF - N
IS a bijection.
#® The function
Ar.(x) : N* = N

IS a bijection.
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Proof of Theorem 2.27 (b)

® To be shown: If A is countable, so are A%, A*.
#® Assume A is countable.
# We show first that A* is countable:
® There exists encodey : A — N, encode4 Injective.
#® Define
f . A*—=N*,
f(ag,...,ap_1) = (encodeg(agp),...,encodes(a_1))

#® fisinjective as well, N* is countable, so by Corollary
2.13 A* Is countable.

o Ak C A* so AF is countable as well.
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Proof of Theorem 2.27 (c)

® Assume A, B countable.

#® Then there exist injections

encodey : A— N
encodeg : B — N

® Define

f : (AxB)—N?
f(a,b) = (encodey(a),encodeg(b))

® fisinjective, N? is countable, so A x B is countable as
well.
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Proof of Theorem 2.27 (d)

® Assume A, are countable for n € N.

® Show
A= U A,

neN

IS countable as well.
o Ifall A, are empty, so is

U 4
neN

and therefore countable.
#® Assume now Ag, IS non-empty for some k.
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Proof of Theorem 2.27 (d)

A,, are countable
Show | J, .~ Ay IS countable.

neN

# By replacing empty A; by A, , we get a sequence of
non-empty sets (A, ).en, S.t. their union is the same as
A.

#® S0 we can assume without loss of generality A,, # () for
all n.

& A, are countable and non-empty, so there exist
fn : N — A, surjective.
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Proof of Theorem 2.27 (d)

fn : N — A, surjective
Show | J, . 4y IS countable.

neN

® Then
f : N2 — UnEN An )
fn,m) = fp(m)

IS surjective as well.

# N? is countable, so by Corollary 2.15 A is countable as
well.
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Proof of Theorem 2.27 (e)

#® To be shown: Q is countable.

® We have Z x N Is countable, since Z and N are
countable.

o et
A:={(z,n) € ZxN,n#0} .

® A CZ x N, therefore A is countable as well.
#® Define
g : A—-0Q,
g(z,m) = = .

® ¢ IS surjective, A countable, therefore by Corollary 2.15
Q 1s countable as well.

CS_226 Computability Theory, Michaelmas Term 2008, Sec. 2 (e) 2-193



(f) Partial Functions

# A partial function f : A = B is the same as a function
f: A— B, but f(a) might not be defined for all a € A.

# Key example: function computed by a computer
program:
s Program has some input « € A and possibly returns
some b € B.

(We assume that program does not refer to global
variables).

s If the program applied to a € A terminates and
returns b, then f(a) is defined and equal to b.

s |f the program applied to a € A does not terminate,
then f(a) Is undefined.
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Examples of Partial Functions

#® Other Examples:
s [:RSR, f(z) =1
f(0) is undefined.

s g:R=R, g(x) = /x:
g(z) Is defined only for = > 0.
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Definition of Partial Functions

Definition 2.28

® Let A, B be sets. A partial function f from A to B,
written f : A = B, is a function f : A’ — B for some
A’ C A.
A’ is called the domain of [, written as A’ = dom(f).
® letf:AS B.

s f(a)ls defined , written as f(a) |, if a € dom(f).

s Letbh e N.

fla) = b (f(a)is partially equal to b)
= f(a) | Af(a) =0b.
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Terms formed from Partial Functions

» We want to work with terms like f(g(2), h(3)), where
f, g, h are partial functions.
o Question: what happens if ¢g(2) or h(3) is undefined?

s There is a theory of partial functions, in which
f(9(2), h(3)) might be defined, even if g(2) or h(3) IS
undefined.

» Makes senses for instance for the function
f:N?2 2N, f(z,y) = 0.

s Theory of such functions is more complicated.
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Strict vs. Non-strict Functions

# Functions, which are defined, even if some of its
arguments are undefined, are called non-strict .

# Functions, which are defined only if all of its arguments
are defined are called strict .
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Call-By-Value

# Strict function are obtained by “call-by-value ”
evaluation.

s Call-by-value means that before the value of a
function applied to arguments, is computed, the
arguments of the function are evaluated.

s If we treat undefinedness as non-termination, then
all functions computed by call-by-value will be strict.
s There is as well finite error, e.g. the error if a
division by 0 occurs. This kind of undefinedness
will be handled in a non-strict way by many
programming languages.
» Most programming languages (including practially all
Imperative and object-oriented languages), use
call-by-value evaluation.
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Call-By-Name

# Non-strict functions are obtained by “call-by-name ”
evaluation:

s The arguments of a function are evaluated only if
they are needed in the computation of f.

» Haskell uses call-by-name-evaluation

» Therefore functions in Haskell are in general
non-strict .
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Example

® letf:N? SN, f(z,y) = x.

® Lett be an undefined term, e.g. g(0), where g : N = N,
g(x) = g(x).
s So the recursion equation of g(z) doesn’t terminate.

o With call-by-name, the term f(2,¢) evaluates to 2, since
we never need to evaluate t¢.

# With call-by-value, first ¢ is evaluated, which never
terminates, so f(2,t)7.

# [n our setting, functions are strict, so f(2,t) as above Is
undefined.
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Terms formed from Partial Functions

# In this lecture, functions will always be strict.

® Therefore, aterm like f(g(2),h(3)) is defined only, if g(2)
and h(3) are defined, and If f applied to the results of
evaluating ¢(2) and h(3) Is defined.

® f(9(2),h(3)) Is evaluated as for ordinary functions: We
first compute ¢g(2) and h(3), and then evaluate f applied
to the results of those computations.
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L

#® | (pronounced bottom ) is a term which is always

undefined.
® SO0 1 | does not hold.
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Terms formed from Partial Functions

Definition 2.29

# For expressions ¢t formed from constants, L, variables
and partial functions we define whether ¢ |, and
whether ¢ ~ b holds (for a constant b):

s Ift =ais a constant, then ¢ | holds always and
t~b:<=a=0>.

s Ift =1, then neithert | nott¢ ~ b do hold.

s Ift =z i1s a variable, then ¢ | holds always,
t~b: < x=0.

o
f(ty,...,th) =b & day,...,apt1=a1 NNty ~ay
Af(at,...,an) =0 .
fltr,...,tp) 1l &= Fb.f(t1,...,tn) =0b
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Remark

# Note that variables are always considered as being
defined:

)

#® One can easlily observe

t| ©drt~x
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Terms formed from Partial Functions
sT = (s ]).

#® We define for expressions s, t formed from constants
and partial functions

°

s>t (s|l—t])AN(s|—da,bs~aANt~bANa=0Db)

® [ is total meanst |.

# Afunction f: A = Bistotal, iff Va € A.f(a) | (or,
equivalently, dom(f) = A).

Remark:
Total partial functions are ordinary (non-partial) functions.
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Quantifiers

Remark:
Quantifiers always range over defined elements.
So by dm.f(n) ~ m we mean: there exists a defined m s.t.

f(n) ~m.

So from f(n) ~ g(k) we cannot conclude 3m.f(n) ~ m un-

less g(k) |.
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Remark 2.30

Remark 2.30

(a) If a, b are constants, s ~ a, s ~ b, then a = b.
(b) For all terms we have t |< Ja.t ~ a.
(c) f(t1,...,ty) I day,...,ant1 ~ag A---

Nty >~ ap

/\f(al, . ,an) |
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Examples

® Assume f:N = N, dom(f) ={n e N|n > 0}.
f(n):=n—1forn € dom(f).

® lLetg:N =N, dom(g) =1{0,1,2}, g(n) :==n+ 1.
Then:

® f(1) [, f(O)T, f(1)~0, f(0)2nforallneN.
® g(f(0))7,since f(0)7.

N

T
® g(f(1))l,since f(1) |, f(1) =0, g(0) |.

N~

® g(f(4))1,since f(4) |, f(4) ~ 3, but g(3)T.

P
S

2 </-\
W\ H~
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Examples

f:N=N,dom(f)={neN|n>0} f(n):=n—1for
n € dom(f).
g:N SN, dom(g) = {0,1,2}, g(n) :=n + 1.

® g(f(0)) ~ f(0), since both expressions are undefined.

1
<

® g(f(1)) ~ f(g(1)), since both sides are defined and

~1 ~1
equal to 1.

® g(f(0)) % f(9(0)), since the left hand side is undefined,
—_— Y=

T |
the right hand side is defined.
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Examples

f:N—=N,dom(f)={neN|n>0}, f(n) :=n—1for
n € dom(f).
g:N SN, dom(g) = {0,1,2}, g(n) :=n + 1.

® f(f(2)) % f(2), since both sides evaluate to different
N—— ——
~0 ~1

(defined) values.
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Examples

f:N—=N,dom(f)={neN|n>0}, f(n) :=n—1for
n € dom(f).
g:N SN, dom(g) = {0,1,2}, g(n) :=n + 1.

® +, - etc. can be treated as partial functions. So for
Instance

o f(1)+f(2

N———"

I, since f(1) |, f(2) |, and + is total.

{
%{

e
&H
=
+
i‘:
\B

2

e
=
+
—n

)T, since f(0)7.

e
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Definition

Assume f : N* 5 N,

(@) Therange of f, inshortran(f)is defined as follows:

ran(f) := {y € N | 32.(f(&) = )} .
(b) The graph of fIs the set G, defined as

Gy :={(Z,y) e N"H | f(Z) =y} .
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Remark on Gy

# The notion “graph” used here has nothing to do with the
notion of “graph” in graph theory.

# The graph of a function is essentially the graph we draw
when visualising f.
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Remark on Gy

Example:

o~ L if z even
:N— N =< 2 ’
/ ’ f (@) { 1, if z is odd.

We can draw f as follows:

1 + X
0O % | | | | | | |
01 2 3 4 5 6 7
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Remark on Gy

In this example we have

Gy = {(0,0),(2,1),(4,2),(6,3),...}

These are exactly the coordinates of the crosses in the
picture:

37 “(6,3)

"(4,2)
00 &1 -

01 2 3 45 6 7

X
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