A BUCHOLZ DERIVATION SYSTEM
FOR THE ORDINAL ANALYSIS OF KP + II3-REFLECTION

MARKUS MICHELBRINK

Abstract. In this paper we introduce a notation system for the infinitary derivations
occurring in the ordinal analysis of KP + IIz-Reflection due to Michael Rathjen. This
allows a finitary ordinal analysis of KP+II3-Reflection. The method used is an extension of
techniques developed by Wilfried Buchholz, namely operator controlled notation systems
for RS°°-derivations. Similarly to Buchholz we obtain a characterisation of the provably
recursive functions of KP +II3-Reflection as <-recursive functions where < is the ordering
on Rathjen’s ordinal notation system 7 (K). Further we show a conservation result for
Hg—scntcnccs.

81. Introduction. Ordinal analysis uses cut-elimination techniques for proof
theoretic investigations. The termination of the cut-elimination process is guar-
anteed by assigning decreasing ordinals to the proofs emerging in the process.
Gerhard Gentzen was the first to form a relationship between an ordinal g and
a foundational mathematical theory (nowadays denoted Peano Arithmetic PA)
in this way. Kurt Schiitte [25] showed that cut-elimination can be radically sim-
plified by moving to an infinitary proof calculus which allows the embedding of
PA. This is made possible by replacing the generalisation rule by the infinitary
w-rule

Vo A(x)
and by only working with sentences (formulas without free variables). The or-
dinal assignment for this infinitary derivations is now given by the length of the
derivation. This work clarified the relationship between ¢y and PA. Since this
time infinitary methods have been successfully applied for the analysis of nu-
merous other theories (e.g. [13, 9, 20, 22, 23] to name just a few). However as
pointed out by Wilfried Buchholz [5] something is lost by passing from finite to
infinite derivations. So Gentzen’s method gives us bounds for the provably re-
cursive functions, conservation results or the unprovability of primitive recursive
wellfoundedness PRWO. To recapture these results when working with infinitary
derivations we need the (primitive) recursion theorem. However citing Buchholz
again “this requires a lot of cumbersome and boring coding machinery which on
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the other side is not completely trivial, and it seems to me that all presentations
of this subject in the existing literature are more ore less unsatisfactory”. We
agree to the latter as well.

In this paper we continue work of Buchholz [5, 6, 7, 8] and Tupailo [32]. We
define a finitary notation system for the infinitary derivations occurring in the
ordinal analysis of KP + II3-Reflection due to Michael Rathjen [20, 22]. This
gives a finitary ordinal analysis of the axiom system KP + II3-Reflection. As
an application of our notation system we give a characterisation of the provably
recursive functions of the theory. Further we prove a conservation result. We
think that the methods used here may brought forward in an relatively schematic
way to a finitary treatment of the infinitary ordinal analysis of II3-CA due to
Michael Rathjen. There is as well the hope that this work may contribute in
comparing the work of Michael Rathjen [22, 23, 24, 19] and Toshiyasu Arai [1, 2].
The paper is organised as follows: The first three sections are completely devoted
to the citation of definitions and results. In section 2 we recall definitions and
properties of Rathjens ordinal notation system 7 (K) and in section 3 the defi-
nition of the language of ramified set theory. In section 4 we remind the reader
on Buchholz [8] notions of inferences, derivations and proof systems. In section
5 we transfer Michael Rathjens proof system RS(K) into our new framework.
In the following three sections we proceed again as in Buchholz. Unfortunately
we can not simply cite the definitions and results but have to do some minor
changes. In section 6 we adapt Buchholz definition of what it means to be a
notation system to our purpose. A finitary notation system for infinitary deriva-
tions consists essentially of notations for some infinitary derivations and maps
which assign to these notations

1. the last inference of the denoted infinitary derivation,
2. ordinals of the infinitary derivation to measure height, cut rank, etc.,
3. notations for the sub derivations.

In section 7 we give a notation system for embedding the axioms of KP + II3-
Reflection and in section 8 we define notations for derivations for the logically
valid formulas. In section 9 the actual work starts. We specify the inference
rules for the cut elimination procedure. First we work with the closure of the
notations of the sections 7, 8 under this rules. In the following section 10 we
assign ordinals o(h), deg(h), ref(h) to the notations. In section 12 we assign to
every notation h a rule tp(h) which correspond to the last rule in the denoted
infinitary derivation d. Further we assign to every index i of the premises of tp(h)
a notation hli] for the corresponding sub derivation of d. The essential point here
is that all this can be done in a primitive recursive way. We don’t need transfinite
recursion. In section 13 we conclude the definition of our notation system by
restricting the use of the inference rules given in section 9. In section 14 we prove
our main result namely that we have gained a notation system in the sense of
section 6. A closer look to the proof shows that we can prove the result in a
very weak theory namely Primitive Recursive Arithmetic. This is an important
condition to prove the above mentioned applications in the last two sections: a
characterisation of the provably recursive functions and a conservation result for
KP + II3-Reflection. Some knowledge of the work of Buchholz [5, 6, 7, 8] and
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Rathjen [20, 22] is helpful to understand the paper. We recommend especially
the reading of [8] and [20, 22].

1.1. Acknowledgements. I'd like to thank Wilfried Buchholz, Arnold Beck-
mann, Anton Setzer, Michael Rathjen, Andreas Weiermann, Robert Solovay,
Helmut Pfeiffer and Stefan Neumann for fruitful discussions, valuable comments
as well as for encouraging me to publish this work. Further I thank Ken Johnson
and Will Harwood for proof reading the English in this paper. If there are any
clumsy sentences they are due to me not to them.

§2. The ordinal notation system 7 (K). In this section we recall the def-
initions and properties used in [20] to define a primitive recursive set 7 (K)
together with a well ordering < on 7 (K) which is primitive recursive as well.
We assume in this section the existence of a weakly compact cardinal K. Weakly
compact cardinals are II}-indescribable [14]. This property of K is used only
once. All following theorems are quoted from [20]. We are only interested in
the properties stated. Therefore we refrain from giving the exact definitions and
proofs. The reader may find them in [10, 16]. The properties stated here are
used heavily in the proof of Theorem 12.4. We start by fixing some basic no-
tions. Our main references for this section are [26, 18, 20]. We use the notations
On, Card, Lim for the classes of ordinals, infinite cardinals and limit ordinals
respectively. Small Greek letters are reserved for ordinals with one exception:
¢ which is used for the Veblen function. The ordering on On is denoted by
<. With Jo, 8], o, 8], [, 8] we denote open, half open and closed intervals of
ordinals. For a class M of ordinals we write ordy, for its enumeration function.
For the class card we use as well the standard notation o +— €2, . We have

dom(ordy ) = On < M unbounded in On.

A function f: M — On where M C On is called continuous if f is continuous
with respect to the order topology on On. A strong monotone continuous func-
tion f with dom(f) = On (dom(f) = p, p regular cardinal) is called a normal
function (on p). This is equivalent to being the enumeration function of a closed
and unbounded class of ordinals in On (in p). Such classes are called clubs (from
closed and unbounded). A class M of ordinals is called stationary in On (in p) if
M has a non empty intersection with every club in On (in p). This is equivalent
to the requirement that every normal function (on p) has to have a fix point in
M. An ordinal p is called regular if the cofinality of p is p. This is equivalent
to: every subset of p with cardinality smaller than p is bounded in p. The fix
points of a normal function on p > w form a club. We denote the class of regular
cardinals above w by Reg. We use the small Greek letters 7, 7, k (possibly with
indices) for regular cardinals < K. An ordinal v > 0 is called an (additive)
principal if it is closed under ordinal addition, i.e. Vo, < v.a+ 08 < 7. We
denote the class of additive principals by H (from German “Hauptzahlen”). The
enumeration function of H is given by a — w®. We recall the following basic
facts and definitions:

PROPOSITION 2.1. For a ¢ HU{0} exist unique aq, ...c, € H with a, < ... <
o <aanda=ao+ ...+ q,.
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DEFINITION 2.2 (Cantor normal form).
a=Nf Qa1+ ..+a, Sa=a1+..+a,, a,..a, € Hand o, < ... <o < a.

DEFINITION 2.3 (Veblen Hierarchy). By induction on «

Pa 1= 0rd{ce Hivn<a.p, ()=¢}-
NOTATIONS. We write paf for ¢, (3).
Yo 18 a normal function on On for a € On.

PROPOSITION 2.4. (a) af € H
(b) € <a= p(pap) = paf
(b) B<v= paf < pay
() a< B = pal < pf0
(d) o, B < pap.
THEOREM 2.5. a1 81 = pasfs iff

(i) a1 < az and B1 = paszfs or
(ii) a1 = ag and By = B2 or
(i) a2 < a1 and B2 = pa1P1.

THEOREM 2.6. pay 51 < pasfs iff

(i) a1 < ag and 1 < pagfBy or
(il) a1 = ag and By < B2 or
(i) ag < a1 and pa1 b1 < Ba.

THEOREM 2.7. Vv € H.3la, .y = paf and § < 7.

DEFINITION 2.8. An ordinal v is called strongly critical if ¢y0 = v. We denote
the class of strongly critical ordinals by S.

An equivalent definition is that v # 0 is closed under the p-function i.e. Vo, 5 <
y.oaf < 7.

PROPOSITION 2.9. Vv € H\ S.3la, B < 7.7 = paf.
DEFINITION 2.10. v =nF paf = v = paf and a, 8 < v

DEFINITION 2.11. We define a finite set of ordinals S(v) by:

1. S(v) :={v} for vy € SU{0},
2. S(v) =={mn,-y W} fory=nen + ..+ € H,
3. S(v) :={a, B} for v =nF paff € H\ S.

PROPOSITION 2.12. v ¢ SU{0} iff S(v) < 7.

For proofs of the above see e.g. [26, 18]. We have:

RegU{w} CCard CS C H C Lim C On.
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DEFINITION 2.13. We define sets of ordinals C"(«, 3), C(«, ), M* and ordi-
nals Z(a), ¥& (a) by main recursion on « with side induction on n as follows:

C%a,B) :==pBU{0,K}
C"Ha, B) == C™(a, B U{E +n: & € C™(a, )}
U{pén : §,n € C™ (e, B)}
U{Qe : E<KNEEC (o, B)}
U{E() : £ <ang e C™(a, B)}
TS () : £ <d<angmdeC™(a,B)}

)= J C"(,B)

n<w
=KnNLim
MY ={r<K:Cla,m)NK=7A
V¢ € Ca,m) Na.M stationary in 7 A
a e Cla,m)}
for a >0

(1]

(@) :==min(M* U {K})
() :=min({p e M*N7:Cla,p)NT=pAm,acCla,p)}U{r})
for (£ <«

The set C(a, B) is the closure of SU{0, K} under the (partial) functions +, ¢, & —
Q¢, 2, ¥. We call an ordinal & Mahlo on X for X C On if for every function
f:ia— aexistsa f closed € (X Na)\{0}ie n<pf = fln) <p. Let
M(X) = {a € X : ais Mahlo on X}. The class M! is the class of Mahlo
cardinals M (Reg). For £ < K is M¢ the image of Reg under the ¢-times iterated
operator M. If we reach KC we diagonalise the first time i.e. M* = {a: a € M*}.
The class M T is again M (M*) etc.

PROPOSITION 2.14. i) a<d' A< B = Cla, ) CC, 7).
i) < 7= |C(a, B)] <.
iii) A € Lim = C(a A) =U,<x Cla,n) ANC(A ) = U, Cn, a).

i)
iv) C(a, E(e)) N K = E(a).
Vg Cla, Vs (a)) N = W ().
i)

Y

3

vi) {m:me M*NE € C(a, w)ﬂa}CMg

vil) M¢ stationary in T = 7 € MS.

Let K := min{a > K : V&, 7 < a.pén < al.
THEOREM 2.15. M® is stationary in K for a < KT.

REMARK. For the proof of this theorem the II}-indescribability of K is used.
This is the only point where a stronger property than the regularity of K is
needed. All following claims in this section follow from this theorem, the defini-
tions and the propositions above. For a proof see [20].
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COROLLARY. a € C(a,Z(a)) and Z(a) < K for a < K.
From now on we only use ordinals < KT

PROPOSITION 2.16. Z(a) < 2(0) iff (a < BAa € C(B,E(B))) V(B<anp &
C(a,E(a)))

COROLLARY. a # 8= Z(a) # Z(0).

THEOREM 2.17. Let M¢ stationary in m, £ < a and &,7,a € C(a, 7). Then
we have
Vs () € M N,
Further: M¢ is not stationary in WS (a) for &€ > 0.

THEOREM 2.18. i) U (a) <7 = U (a) # Z(3).
i) Ws(a) <mAVI(B) <AV (a) =V (B)=>a=B8AT=KrAE=0.

PROPOSITION 2.19.

i) v € C(a, B) iff S(v) € C(a, B).

ii) For o < K we have
o€ Cla, B) iff Qo € C(a, B).

ProprosITION 2.20.

H0<aAmTeM*=Q,=m.

11) TEM! = Q‘I’(,)r(a) = \1191.(04)
iii) ™= QC+1 Na € C(a,w) = Qc < \1191.(04) < QC—i—l-
iv) ¥9(a) < 7= ¥2(a) € Reg.

THEOREM 2.21. Let ¥&(a) < m and WI(B) < N k. We have

VS (@) < W7(B)
iff
) a<pAragmeC(B,W(B) ATs(a) <,

i)

ii) B<an{B,or} ZCla,¥s(a)),

111) a=FANk=1ANE<aoNEEC(B,P9(0)) or
iv) o <ENa & C(E T5(a)).

THEOREM 2.22.
Wi(a) <E(B) iff r <E(B) V(B < anB g Cla, Wi(w)
DEFINITION 2.23. We define inductively a set 7 (K) of ordinals and a function
m:T(K)N Reg — T(K)

by the following rules:

1) 0,K e T(K)

) C T(K) = a € T(K)
TK)NKand 0 < & < Qe = Q¢ € T(K) and m(Qe) = 1 for Q¢ € Reg.
TK)NK and 0 < a = E(a) € T(K) and m(ZE(a)) = «

T e T(K)NC(a,m), £ < aand & € C(m(r),m)N m():>\IJ§r(a)€

) and for & > 0 let m(¥&(a)) = &.

(T
(T2) S(a
(T3) €€
(T4) a €
(T5) o,

T(K
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The ordinal m(7) is called the Mahlo degree of .

PROPOSITION 2.24.
i) Foré e T(K):
a) 6 € C(KT,0).
b) § inaccessible and § < KK = § € M™®) but M™O) not stationary in d.
Further: m(8) = sup{3: 6 € MP}.
ii) Form e T(K)N Reg and £ € T(K):

M¢ stationary in T iff € € C(m(n),7) Nm(n).

iii) For every ordinal 3 € T (K) there is a unique representation of [ with the
symbols 0, IC, +, o, Q, =, U.

DEFINITION 2.25. We define a finite set K;s(a) by structural induction over
the term o € 7T (K):

(K1) K5(0) := Ks(K) :=10

(K2) For a ¢ S let Ks(a) := Upeg(a) Ks(B)-
(K3) For 0 < £ < Q¢ < K let Ks5(Qe) := K5(8).
(K4)

_ [0 for 2(8) < ¢
K5(2(8)) = { Ks(B) U {B} otherwise

(K5) For a =ng UI(B) let

0 for a < §
Ks(o) == { Ks(k) U Kj(o) UK(S(ﬁ) U {ﬁ} otherwise

PROPOSITION 2.26. For a € T(K) we have:
a € C(v,0) iff Ks(a) <.

For proofs of the above see [20]. The definitions, propositions and theorems above
give us a primitive recursive decision procedure for a € 7 (K') (where o runs over
all words over the alphabet {0, IC, +, ¢, Q, =, U}). By ordinals we mean elements
of T(K) in the following. Note that the propositions and theorems above give
us further primitive recursive decision procedures for the following properties:
a< fB,a € Limac HacS,ac Card,a € Reg, o inaccessible ,a € M¢, o €
C(v,6) and M¢ stationary in 7.

For the remainder of this paper we understand 7 (K) and the corresponding
relations as primitive recursive subsets of the natural numbers. We finish this
section by giving primitive recursive definitions for some auxiliary operations on
7 (K) which we need later. For the operations +, o, a — Q,,= and ¥ as well as
for w® := p0a and wy,(a) with wo(a) := o and wi1(a) := w* (@) primitive re-
cursive definitions are given by the definitions, propositions and theorems above.
The natural sum # is defined with the help of the cantor normal form. To define
multiplication - we only need to say what o - w” is, since we have a- 0 = 0 and
a - (W4 W) =a-wP+ta WP

Let a =w™ -ag+ ...+ w* - a, with ag > ... > ayp, ag,... ,a, < w. Then we
have
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and
a-w? =w . WP =Wt for 5> 0.

We define a generalisation of the Veblen function ¢ by
Po:=1d and Q4= Pag ©--- 0 Pa,

for a =np w® 4+ ... 4+ w* and it is easy to see that we have

Pa(B) < p(7) for B <7 and Patg = Pa 0 Pp.
The smallest regular cardinal larger than « (the level of o, German: Stufe) can
be calculated as follows: For o € S let St(«) := St(max S(«)). Otherwise let

St(0) =1 St(K) = Qs St(Q) = Qe
St(E(0)) := Q1 St(E(a)) = Q=(a)+1
St(U3(@)) = Qug (a)41 for me M!
St(Ph (@) = Qe for m= Qe

St(Vé (a)) := Qe (o)1 for £>0.

Let 7= := Q¢ for m = (¢41. Furthermore we abbreviate o, < By for a =nf
we 4. +w? and B =nF w¥ +...+w”" by NF(a, 8). This relation between a
and (3 is used later to conclude a € C(7,9) from a + 5 € C(,4). For p € Card

let
[ p+1 ifpye RegU{K}
H= i otherwise ‘

83. The language Lrs of ramified set theory. In this section we recall
the definition of the language of ramified set theory Lrs. Let Laq be the first
order language of set theory without negation built up from the 2-ary predicate
symbols €, ¢ and predicate symbols Ad®, =Ad® of arity one for £ € T(K). The
negation —¢ of a formula ¢ is defined by the de Morgan laws. The language Lgrg
of ramified set theory is gained from Laq4 by adding elements of the constructible
hierarchy as terms. We write ¢(xo, ... ,x,) for FV(¢) C {z0,... ,2,} and &(t)
to emphasise the substitution of ¢ in ¢ for a variable z. Given a term ¢ we write
¢! for the formula obtained from ¢ by replacing in ¢ every unbounded quantifier
Va,dx by Va € t,dz € t. We start by defining the RS-terms 7:

DEFINITION 3.1 (RS-term).
1. For a« € T(K) let L, € T of stage a.
2. ¢(xo,...,Tn) € Lag and aq,... ,a, € T of stages < a then
[t € Lo : ¢(x,an,...,a,)"] €T
of stage a.
We write stg(t) for the stage of a term ¢. Let 7,, := {t € T |stg(t) < a}. Note that
there are no free variables in RS-terms. For t = [x € L, : ¢(z,a1,... ,a,)"°]

we call ¢ the skeleton of ¢ and the number of logical symbols in ¢ is called the
outer rank t. We obtain RS-formulas from Ag-formulas of the language Laq by
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substitution of RS-terms for free variables:

DEFINITION 3.2 (RS-formula).

1. u € v,u & v,Ad*(v),~Ad®(v) are RS-formulas for ¢ € T(K) and u,v €
TUVar.

2. A, B RS-formulas = A A B and AV B RS-formulas.

3. If Aisan RS-formula and = € Var\{u} = Va(z ¢ uVA) and Jz(z € unA)
RS-formulas.

Skeleton and outer rank are defined analogously as by terms. The negation of a
formula is again defined by the de Morgan laws. We use the standard notations
A — B for AV B, Vx € vB for Vz(x € v — B) etc. In particular we write
u Cwvfor Ve € ux € v, u =v for u CvAv C u, tran(u) for Vo € u.z C u and
infin(u) for 3z € u(x C ) AVe € uWy € udz € u(zx € z Ay € z). Uppercase
Latin letters are mainly used for RS-formulas whereas the Greek letters ¢, v, x
are used for Laq-formulas. For RS-terms s,t let A1) denote the RS-formula
gained from A by replacing in A every ¢ bounded quantifier Qx € t by Qz € s.
We write A instead of A®Le) and AP instead of AFsLe) We use the
abbreviation Qz® for bounded quantifiers Qx € L,. The bracketed inequality
[u # v] stands for u #£ v or v # wu.

DEFINITION 3.3. For 6 RS-term or RS-formula let
k(#) :={a € T(K) : L, occurs in 0} lev(#) := max(k(#) U {0})

For technical reasons we set k(0) := k(1) := {) and lev(0) := lev(1) := 0, where 0, 1
are not viewed as ordinals and k(o) := {a} for o € T(K). We have stg(t) = lev(t)
for RS-terms ¢ and therefore

To={teT:lev(t) < a}.
We write 7; for Zyey(y)-

DEFINITION 3.4. For RS-terms a,b where lev(a) < lev(b) let

- B(a) forb=[zx € Lg: B(z)]
T for b= Lg

a é b:=-(a € b), where =T := L
and T, L are not RS-formulas. We define T - A:=TAA:= 1V A:= A

DEFINITION 3.5. We can view every RS-sentence A as a (possibly infinite)
conjunction A(A4;)ics or disjunction \/(A;)ics of RS-sentences. We write A ~
N(Ai)ies, A~ \/(A;)ics respectively for this relationship which is defined by:
Ad*(t) == (L, = t)pEM"‘ﬂ(Iev(t)—i—l)
acb:=\({tebAt=a)erT
Jz € bA(z) i~ \/(t EbAA®))eT,

(Ao V A1) := V(Ai)iego,1y
_|A >~ /\(_‘Ai)iEJ fOI‘ A ~ \/(A’L)ZGJ

CU W N
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REMARK. In the following we understand every RS-sentence A as such a
conjunction or disjunction.

We map an ordinal 7 (K) to every RS-term and every RS-sentence:

DEFINITION 3.6. We define rk(6) for RS-terms and RS-formulas by primitive
recursion over the number of logical symbols occurring in 6:
1. tk(Ly) i=w-
rk([= 6 L, : A(z)]) = max{w - « —|— 1 rk(A(LO)) +2}
rk(Ad*(a)) = rk(~Ad*(a)) := rk(a) +
rk(a € b) :==rk(a € b) —max{rk )+6 rk(b) + 1}
rk(
rk(

A/_\

dx € bA(x)) := rk(Vz € bA(x)) := max{rk(b), rk(A(Lo)) + 2}
AN B) :=rk(AV B) := max{rk(A),rk(B)} +1

@P’PP"!\’

We use the following properties of the rank rk(A) throughout this paper:

PROPOSITION 3.7. Let A~ \/(A;)ics or A~ A(A;)ics. Then
a) there is an n € w with rk(A) = w - lev(A) + n,

b) rk(4;) < rk(A) forie J,

¢) k(4;) CTk(A)Uk(i) forie J,

d) rk(A)=w-a=A=3x € L,B(x) or A=Vz € L,B(z).
e) rk(4) = rk(=A).

PROOF. See [8]. !

An RS-formula A is an element of Ag(a) if k(4) C a. An RS-formula is an
element of IT;(«) of the form

Va1 € Ly ... Qg € Lo F(21,... ,2)

where Vz1,...,Qxy are alternating quantifiers and F(Lo,...,Lo) is a Ag(a)-
formula. ¥ () is defined analogously.

84. Inferences, derivations, proof systems. We call finite sets of RS-
formulas sequents and use the uppercase Greek letters I', IV, A for sequents. We
use as well the following notations for sequents: Aj,..., A, for {41,..., A},
A, T T for {AYyUT UT” etc. We define

= |J k()
AeTl
DEFINITION 4.1 (Inference). An inference 7 consists of
1. an index set |Z| (for the premises of ),
2. a sequent A(Z) (the principal formulas of 7),
3. a family of sequents (A;(Z));¢|z (the minor formulas of Z),
4. a set Eig(Z) which is either empty or a singleton {y} where y ¢ FV(A(Z))
(y is called the eigenvariable of 7),
5. a finite set k(Z) C 7 (K).

We define derivations by induction:

DEFINITION 4.2 (Derivation).
If Z is an inference and (d;);¢|z| a family of derivations with
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End(d) := A(Z) U | (End(d;) \ A(Z)) finite
i€|Z|
2. Eig(Z) N FV(End(d)) =0
then d := Z(d;);c|z| is a derivation with depth(d) := sup{depth(d;) +1:i € |Z|}.
End(d) is called the endsequent of d.

An inference 7 is called finitary, if |Z| = {0,...,n — 1} € w. A derivation d is
called finitary if all inferences in d are finitary.

NoOTATIONS. 1. A e
RVA VIR
@B O Dy
for 7 is an inference where |Z| = J,A(Z) = A, A;(Z) = A; and Eig(Z) = 0,
Eig(Z) = {y} respectively.
2. If |Z] = {0, ... ,n} we write
Ng...A,
)20
A
and if |Z| = 0 we write
(2)A.
3. Inferences with |Z| = () are called axioms or atomic derivations.
4. If |Z| = {0,... ,n} we write d = Zdy . . . d,, instead of d = Z(d;);¢|z|-

REMARK. If d = Z(d;)ic|z| is a derivation where A(Z) C I' and for every
i € |Z] we have End(d;) C T U A;(Z), then End(d) CT.

DEFINITION 4.3. Let d =Zdy...d,—1 be a finitary derivation. Then let
k(d) == k(@)U |J k(di), ke(d) := (k(Z) \ k(AD))) U [ ke(di)-
i<n <n
PROPOSITION 4.4. If d is a finitary derivation such that k(A;(Z)) C k(Z)

k(A(Z)) for every inference I in d and every i € |Z|, then k(d) C k(End(d))
ke(d).

U
U

PROOF. See [8]. 4

DEFINITION 4.5 (Proof system).
A proof system is a class of inferences. A proof system S is called finitary if all
inferences of S are finitary. A derivation d is called a S-derivation if all inferences
of d are inferences of S.

§5. The proof system RS(K). The validity relation in a structure (M, ...)
can be seen as an (possibly infinitary) proof system: A formula Va¢(z) is valid
in the structure if all premises ¢(a) for a € M are valid in the structure. This
calculus is sound in the sense that we infer valid formulas from valid premises.
It remains sound if we add further inferences which are valid in the structure.
The structure in question here is an initial segment of the constructible hierar-
chy. The inferences Cutc and Refx A are used to embed the finitary into the
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infinitary calculus. A (infinitary) derivation is called cut free if it contains no
inference Cutc. Cut free derivations have the property that all formulas occur-
ring in the derivation are Gentzen sub formulas of formulas in the endsequent.
This important property which is called the sub formula property will be used
later. Take a look at the infinitary proof system consisting of the inferences
A V% and Cute. Thanks to the symmetry of the other inferences cuts are
easy to eliminate. However to embed II3-Reflection we add the inference Refx A.
To eliminate cuts of rank K we use the inference Refé A(s). This rule allows
to eliminate RefxA inferences from certain derivations by replacing them by
Ref$ A(s)-inferences which can be treated in an easier way (see [21]).

Inferences of RS(K):

(Aa) W if A~ A(Ai)ies
(V%) AX if A~ \/(4)ies and ip € J
(Cutc) ¢ @ﬂO
A A if A
(ReficA) 3z € Lic(tran(z) A z # O A A(=K)) if A € (k)
efS A(s Als)
(Ref (=) 32 € Lo(AdS(2) A Fu € 2A(u) =)
if A(s) € Ila(w) and £ € C(m(w), w) N m(r)
(Rep,,) % with |Rep;, | := {i0}
k(A(Z)) Uk(io) if T =\
k(Z) == { k(C) if 7 = Cutc
k(A(Z)) otherwise

REMARK. Note that we have k(A(Z)) C k(Z).

§6. Notation systems. An RS(K)-derivation is generally not a finite object.
To argue from a finitary point of view we introduce notations for some RS(K)-
derivations. The notations are finite objects unlike the infinitary derivations they
denote. We work then with these notations only. We slightly modify the notion
in [8] to define what it means to be a notation system for RS(K)-derivations:

DEFINITION 6.1 (Notation system).

A notation system for RS (K)-derivations consists of a non empty set D of finitary
derivations d with FV(End(d)) = ) and maps
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o,deg,ref : D — On,

tp: D — RS(K),

[]:{(d,i) :d e D and i € |tp(d)|} — D (we write d[i] for [|(d, 1)),
such that for every d € D:

(d) = Cu
(d) = Vi = k(io) < o(d)

(d) = N4 = k(i) < o(d) for every i € |tp(d)

(d) = RefcA = K < o(d).

(d) = Ref? A(s) = o < ref(d) and 7,0(d[0])+1 < o(d) and o € C(m(7), )N

A notation system for RS(K)-derivations is called normal if
k) k(End(d)) C k(d) for every d € D.

A notation system for RS (K)-derivation is controlled by the operator H : P(On) —
P(On), if for every d € D:

1) k(tp(d)) U{o(d)} € H(k(d))
m) k(d[i]) U {o(d[i])} C H(k(d) Uk(i)) for every i € |tp(d)|.

The inference tp(d) is the last inference of the derivation denoted by d, dJi]
is a notation of the sub derivation at place i, o is the ordinal assignment and
deg(d), ref(d) are bounds for the Cut, IIs-Reflection inferences occurring in d
respectively. The definition is almost the same as in [8]. However a few things
are added: The function ref : D — On together with the conditions e),j) which
say: For all Ref?-inferences occurring in the derivation denoted by d is ref(d) an
upper bound for ¢ and the o-Mahlo numbers are stationary in 7. Further we
introduced the conditions h),i),k) and the requirement

o(dli]) € H(k(d) UK(i)).

The concept of operator controlled derivations is as well due to Buchholz [4].
If (D,o0,deg,ref, tp,[]) is a notation system for RS(K)-derivations then we can
unfold d € D by transfinite recursion over o(d) to an infinitary RS (K)-derivation

d* := tp(d)(d[i]™)icjep(a) -
It is easy to see that d*° is a RS(K)-derivation with
End(d®) C End(d),depth(d*) < o(d), rk(C') < deg(d) for every Cut¢c in d*>

and g)-j) accordingly. In the following we use finitary notations of infinitary
derivations only and make use of primitive recursion instead of transfinite recur-
sion.
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§7. The notation system RS®. We are going to define a notation system
to embed all axioms of II3-Reflection. In other words our goal is to have for
each axiom a notation for a RS(K)-derivation which endsequent is the axiom in
question. We proceed again similiar to Buchholz [8].

DEFINITION 7.1 (Axiom system for ITI3-Reflection).
(Ext) VeVyVz(x =y — (z € 2 — y € 2))
(Found)  V2Vzo(Vx(Vy € z.0(y, 2) — ¢(x, Z)) — ¢(xo, Z))
(Pair) VaVy3dz(x € z ANy € z)
(Union)  VaIyvz € z(z Cy)
(Infin) VaJyinfin(y)
(Ag-Sep) V2VwIy(Vz € y(z € w A ¢(z,2)) AVz € w(p(x,Z) — x €y))
for p € Ay
(II3-Ref)  VZ(p(2) — Fz(tran(z) Az # O A p(2)%)) for ¢ € 115

DEFINITION 7.2 (The set of sequents AX?). Let AX" the set of finite se-
quents of RS-sentences which are given by the schemes 1-17:

(1) (Vzrp(ao, ... s ag—1,2x))
if ag,...,ax—1 € Ty and Vo ... zxp(z0, . .. , Tx) an Axiom (Ext), (Found),
(Pair), (Union), (A¢-Sep) with A € Lim or (Infin) with A € Reg.

(2) Va1, € Li(p(ao, - - yag—1,2)" — 3z € Li(tran(z) Az # 0Ap(ao, - ., ak-1, 2¢)")

if ag, ... ,ap—1 € T and VZ(p(Z) — Jz(tran(z) Az # O A p(2)*)) an axiom
(H3-Ref).
(3) a=a
(4) aCa
(5) bC Ly if lev(b) <
(6) Yz € a(z C Ly) if lev(a) <a+1
(7) Ve € bF(z) if b= [z € L : F(z)]
(8) Vx€ea(F(zx) —zeb)ifb=[x€Lg:xz €aF(zx)
(9) Jz € Lo(Vy € zA(y) A —A(z)),Va € aA(z) if lev(a) < a
(10) [s1 # t1],--- ,[5n # tn], ~A(5), A(t) if every variable from & occurs at most
once in A(Z)
(11) [s1 # t1],. .., [Sn # tul,a & tn,~B(s1,... ,sn_1,0), A(t) if A(Z) = Jy €
xnB(z1,... ,Zn-1,y) and every variable from # occurs at most once in
A(X)

) [51 ;étl],a ¢t2,a7é S1,t1 € tg

) aZb,Lg¢aiflev(b) <p

) LgZ s,s &b, if lev(b) <3

) Vo € L,3u € L,(3y € u(z € y) A A(u)) with A(u) := Ve € u(Vy € z(y #
y) V B(u,z)) and B(u,x) := Jzg € u(zo €  AVy € z(y C x0))

16) A(ay) with a,, :==[x € Ly11:x=LoV...Va = L,] where A as in (16)

(17) Yy € Lo(y # v)

Let II = (Al,... 7An)
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W@ gy . A if TT = (p(@)*) of the kind (1)(Found)
o(IT) := ¢ wk(ve€ad(@)) iy lev(a) if IT = (F,Va € aA) of the kind (9)
Wk g yrk(An) otherwise

w -2 if I of the kind (15) or (16)
0 otherwise.

deg(II) := {

For I = (Ai,...,An) € AX? of kind (j) (j=1-17) we define an inference Ax;II
by [AxGTI] = 0, A(AXGD) := {Aq, ..., An}, k(AXGTT) == k(A(AX]ID)).

DEFINITION 7.3 (The finitary proof system RSY).
Formulas: RS-sentences .
Inferences: AxjIT and A, .4, V4, Cuto, RefcA

DEFINITION 7.4 (The notation system RS?).
RSO := (Dy, 0, deg, ref, tp, [|) with Dy := set of all RS°-derivations and

o(II) if 7= AxSTI
o(Zdy...dy) = max{o(dp), lev(ip)} + 1 %fI =V4
max{o(dp),K} +1 if Z = RefcA
max{o(dp),... ,0(d,)} +1 otherwise
deg(IT) if 7= Ax;1I
deg(Zdy . .. dn) := { max{deg(dyp),deg(d1),rk(C) + 1} if T = Cute
max{deg(dp),...,deg(d,)} otherwise

ref(Zdy . ..d,) = 0.
For d = Zdy ... d, with T # Ax;1I let tp(d) := 7 and d[i] := d;.

For d = Ax(II let tp(d) := A, where A is the \-formula A; with the small-
est index ¢ in IT = (44,...,A,). Let d[i] be defined similar to [8].
Compared to [8] we have only introduced d = Ax35IT where II is the sequent
(Vz € Li(p(ao, - - ,an—1,2) — Iz € Li(tran(z) Ax # 0 A p(ao, ... ,an—1,2)%))
and aq,...,an_1 € Tk.
For this case let

dlay] := \/A Refxp(ag, ... ,an) AxS (—p(ao, ... ,an)*, plao, ..., an)")

for a, € Tx and A,, = ¢(ag,...,a,)* — Jz € Li(tran(z) Az # 0 A
wlag, ... ,an)*)

THEOREM 7.5. RS® is a normal notation system for RS(K)- derivations and

1s controlled by operators which are closed under the functions \x,y.x#y, Ax.w -
x, Az.w® and Az.St(x).
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PROOF. Most of the work is already done in [8]. We just have to verify the
requirements for notation systems for d = (Refx)Ady and d = Ax]II where
IT comes from a II3-Ref-axiom and to verify for all derivations the condition
o(d[i]) € H(k(d) Uk(i)). The conditions e) and j) are trivial and the conditions
h) and i) are easy to verify. It is easy to see that RS? is normal. The proofs are
left to the reader. —

§8. The notation system RS™. In this section we define finitary proof
systems RS* to get notations for RS(K)-derivations which proof the logically
valid formulas of first order logic. This systems together with the notation system
RS? and the cut inference give an embedding of KP + II3-Reflection.

DEFINITION 8.1 (RSy-formula).

1. If u,v € Ty UVar,§ € On then u € v,u & v,Adg(u),—'Adg(u) are RS-
formulas.

2. If A, B are RS)-formulas then A A B,AV B,Vx € LyA,3x € LyA are
RS\ -formulas.

3. If A, B are RS)-formulas and x # u,u € 7, U Var then Vx € uA,3dx € uA
are RS)-formulas.

DEFINITION 8.2. rko(A) for A RSy-formula
1. rko(A) = rko(—A) = 0 for A atomic

2. rko(A A B) = rko(AV B) = max{rko(A4),rko(B)} + 1

3. rko(Vx € ad) = rko(Fz € aA) = rko(A4) +2

PROPOSITION 8.3. rk(A) < A +rko(A) for A = w? and A RS\-sentence.

PROOF. See [8]. 4

DEFINITION 8.4. The finitary proof system RS* consists of the inferences:
(AXQ\A,A) -4 A

(Axycun) Vo€ Ly(zcu— A)Vrcud ifue T,UVar,u#x

(Ax3,cun) —Fr€ly(zcunA),Irculd fuecUVar,u#z

Ay Ay k Ay
(/\AO/\Al) AO/\AI (\/AO\/AI) AO\/Al
Yy A VA P v 7
(VVzeLAA) Vr e L,\A'y' (HEIIEL,\A) Jre L A
ifveTyUVar
c -C

(Cute)
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k(A) Uk(ip) ifZ=37%
O) if 7 = Cutc
k(A(T)) otherwise

We denote with d, d; RS*-derivations in this section and for A we assume w* = \.

DEFINITION 8.5. o(d), deg(d)
O(AXiA,A) = O(AxnguA) = w>\+rk0(A)+2,
o(Zdy . ..d,) ;== max{o(dp),... ,0(dn)} +1

max{A + rko(C), deg(dp),deg(d1)} if T = Cute

deg(Zdy ...dy,) =
eg(Zdo ) {max{(), deg(dp), ... ,deg(dn)} otherwise

DEFINITION 8.6. FV(d)
FV(Zdy ...d,) :=FV(Z) UU;_,(FV(d;) \ Eig(Z)) where

. FV(A@Z)UFV(v) ifZ =3
FWD’{W@@) otherwise

and

| fy} HT=4
Eig(7) :=
g(Z) {(7) otherwise

DEFINITION 8.7. A derivation d with FV(d) = ) is called closed.
DEFINITION 8.8. d(z/t) for t € Ty

Idy...dy if Eig(Z) = {2}

(Zdo ... dn)(2/t) = {I(Z /t)do(2/t) ... dn(2/t) otherwise

with

AxA 4 (2/1) = AXiAz(t),Az(t) AxQpeun(z/t) = (AX?QmEuA)Z(t))

K k
Nagra, = Nag_tynns. ) Viaova, Z/1) = N4y wyvar. )
Cutc(z/t) == Cutc, (1)

¥ (2/t) =", 3 (2/t) =350
PROPOSITION 8.9. Let d be a RS*-derivations and t € Ty. Then is d(z/t) a

RS*-derivation with End(d(z/t)) C End(d).(t), deg(d(z/t)) = deg(d), o(d(z/t))
o(d) and k(d(z/t)) C k(d) Uk(t).

€1

ProOOF. Induction on the length of d.

ProposITION 8.10. a) FV(End(d)) C FV(d)
b) FV(d(z/t)) = FV(d) \ {2} fort € T,.

PROOF. Induction on the length of d. B
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PROPOSITION 8.11.  a) For every RS*-derivation d exists a RS*-derivation
d' (primitive recursive computable from d) with End(d') C End(d), deg(d’) =
deg(d), o(d') = o(d) and FV(d') = FV(End(d)).

b) Ifd=1Zdy...d, is closed and Eig(Z) = 0 then dy . ..d,, are closed.

c) If d =V%dy is closed then do(x/t) is closed fort € Ty.

PROOF. a) Induction on the number of elements in FV(d) \ FV(End(d)).
b) Follows from FV(d;) C FV(d) U Eig(Z).
¢) Follows with the proposition above and FV(dy) C FV(d) UEig(Z) = {«}.

DEFINITION 8.1. The notation system RS™
Dy := set of RS?-derivations.
Dy := set of closed RS*-derivations for A = w’.
Dy = J{Dx: A =w’}.
Dt = Dy U Dy
RS* := (D", 0,deg,ref, tp, []) with o(d), deg(d), ref(d), tp(d), d[i] for d € Dy
defined as in the last section and o(d), deg(d) for d € Dy as defined above.
For d € Dy let ref(d) := 0 and tp(d), d[i] are defined as in [§] (where we replace
IbyA).

THEOREM 8.12. RS™ is a normal notation system for RS(K)- derivations
and is controlled by any operator which is closed under the functions Ax,y.x#y,
Arw -z, Ar.w® and Az.St(x).

ProOOF. Induction on the length of the derivation. —

THEOREM 8.13. Let the sequent {¢1,... ,dn} be logical valid where ¢1,. .. , ¢n
formulas of the first order language (€, (Ad®)econ). Then there is an (primitive
recursive computable) RS*-derivation d with End(d) C {¢7,...,¢)}, FV(d) =
FV(End(d)) and k(d) C {0, A}.

PROOF. The proofis by induction on the length of a derivation of {¢1,... , ¢, }
in an appropriate cut free calculus. For details see [8]. -

REMARK. For every RS*-derivation d there are natural numbers k,m, n with
o(d) = w ™ +m and deg(d) < A\ + k.

89. The finitary proof system D*. We shall define notation systems Hj
(0 € T(K)) for collapsing and cut elimination. We start by introducing new
inferences. See below for a motivation as well as for an explanation of the
notation.

DEFINITION 9.1.
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Auxiliary inferences:

Vo F(x .
LFE) ) ff<a
(I;?)) AA if A~ /\(AZ)ZGJ and ig € J
o Va® F(x)

SVz F(z)

(gveereny
A

(Bi’“) yix: if A€ ¥q(k),8 < k€ RegU{K}

Predicative cut elimination:

Y3-Reflection:

(8.9)5"

&
(8'10)141/\.../\14]c

(N1 (¢)

(Re)

(E7)

c -C

if rk(C) ¢ Reg

if p <o and [p,o[NReg = 0

== =

A
327 (AdS(2) A A=)

it A e X¥3(m),& € C(m(m),7) Nm(m)

A, A
B (Ad(z) A AT AL A A

if Ay,..., Ay are sub formulas of ¥3(7)-formulas and
&e Cim(m),7)Nm(r), & >0

~AE(1), ~Cl3l", 327 (A (=) A BIETY)
if B[3] is a conjunction of sub formulas of ¥3(7)-formulas and
C|[3] is normal form'of B[3],¢ € C(m(r),7) Nm(x),
E>0,teT;

V2" (mAd® (2) V ~C[5]7), 327 (AdS(2) A B[5]?)

if B[3] is a conjunction of sub formulas of ¥3()-formulas and
(8] is normal form of B[s],£ € C(m(n),m) Nm(n),€ >0
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Stationary collapsing;:
I,B
Vo (Ad® (v) — \/ T@:K)), C(m.K)

(H110.1)77 5
if B € II3(K),C = 3u(tran(u) Au # ) A B#X)
and all formulas in T" are sub formulas of II3(K)-formulas

B
=Ad%(s),\/ TR, Cm.K)

(H210.1)75 5(s)

if B € TI3(K)C = 3’ (tran(u) A u # O A BWR),
all formulas in I' sub formulas of II3(K)-formulas and s € 7

r

(10.1)7 1 ex)

if all formulas in T are sub formulas of II3(K)-formulas

Impredicative cut elimination:

W, T ,0
(H10.2),M A(s) 714(5)(”7#)

if A(S) e Hg(ﬂ') and n:i= \I]?r(/y + wu-C-l‘ﬂ')

. 0
(10.2)1m¢ 7
k(V8oF(z)) = k(V2PF(z))
k(1) = k(A) Uk(i)
k(Svm“F(m)) = 0
k(BL") = k(APm)
k(Rc) = 0
kE7) = {o}
k((8.9)%7) = {{m}Uk(4)
k(8.10)57 1) = {&m}Uk(A)U...Uk(Ag)
K(NDG(®) = {& T} UK(E) UK(t)
k(N2)57) = {&mhUk(s)

1For definition of normal form see page 25.
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K(Hi10.)72 ) == {3, 7} UK(T) UK(B)
k((H210.1)77 p(s)) = {7, 7} Uk(T) Uk(B) Uk(s)
k((10.1)7 ) = {y,mUk(T)

k((H10 2)“’” TA(s)) = Ay pm o) Uk(A(s))

Most of these inferences are generally not valid. We will use them only under
certain circumstances. The rule (V2,%F(z)) will be used to transfer a notation
for a RS(K)-derivation into a notation for a RS(fC)-derivation in which all in-

ferences Fgg)caF((i)e 7o) are replaced by ngBF((gtc)e TB) The rule I;?)

gives a notation for a RS(K)-derivation in which all formulas A are replaced by
Ai.. (i€J) by Rep;,. The rule SY=“F () will only be
used if o(h) < a. In this situation Yz®F'(z) can not be the principal formula of
an inference in the derivation. The rule Bﬁ"“ will only be used if o(h) < . Since

A;, and all inferences ~

o(h) is in particular a bound for all witnesses ig of \/} -inferences, we are able to

replace in the corresponding RS(K)-derivation every \/f:—inference by \/i‘;(ﬁw).
The rules R¢ and EJ correspond to the well known predicative cut elimination
procedure. The inferences Bi’“, Re and EJ occur in the form above already in
8]. The inference I} is a variant of a rule in [5]. The remaining rules are derived
from and named after the theorems in [20] which treat the proof transformation
of the associated infinite counterpart. They are first published in the authors
Ph.D. thesis [17]. The task of the rule (8. 9)3’” is to lift IIy(7)-Reflection to
Y3(m)-Reflection and with the rule (8. 10)5 " .4, We are able to reflect formulas

the conjunction of which is equivalent to a 23( )-formula. At this place we need
the new rules RefS A(s). The axioms (Nl)%&( ), (N2)%7[T§] allow us to denote
appropriate sub derivations.

The rule (10. 1) r is the key for this collapsing and cut elimination technique.
We take a look on the proof transformations of the infinite counterpart to mo-
tivate this rule: Our goal is to transform a RS(K)-derivation of sub formulas
of T3(K)-formulas T' with cut rank < K 4 1 into a RS(K)-derivation of T(™/<),
Simultaneously we want to collapse the ordinal indices and lower the rank of the
cuts. In the infinite case we use transfinite recursion. In the cases where the
last inference was A 4, V4, Refé A(s) or Cuty we can apply the induction hy-
pothesis without difficulty to the sub derivations. We get the RS(K)-derivation
we are looking for by applying the same rule if we ensure that in the case of
an \/*}-inference the witness iy stays as well below 7 as below the new ordinal
index and that besides of K no ordinals above the new ordinal index occur in
A in the case of a Cut4-inference. The only problem is the case where the last
inference was Refx B. We give a sketch of the essential proof transformation on
the infinitary side below. For simplicity we understand I" as a formula. Dots
stand for unessential parts of the new proof tree.



22 MARKUS MICHELBRINK

do:T,B

I8 Ju7 (tran(u) A w # 0 A BUR)

o Ly # 5,70 Fum (tran(u) Au # O A B®R) (7 € MY (lev(s) 4 1))
—Ad®(s), X)) Fum (tran(u) A u # O A BWR)
L AdY(s) — TR ™ (tran(u) Au # O A B (s € Ty)
Vo™ (Ad™ (z) — D@R)) Ju (tran(u) A u # O A BWR)

A

A

The diagram has to be read as follows: Given a derivation d for ', 3u® (tran(u) A
u # O A AB(X)) where the last inference was Refx B. Then the subderivation
dp ends with I', B. By the induction hypothesis (the derivation dy has a smaller
ordinal than d) there is a derivation for T("X) B("X) With the inferences in-
dicated we infer the endsequent of the diagram. In the finitary case the rules
(H210.1)7p p(s) and (H110.1)77 5 allow us to jump over the first and second

infinite inference in this subtree respectively. The rule (8.10)1547r gives us the
counterpart T'("X) =z (Ad* (z) — T'®X)) to get the desired result by a cut.
The proof transformation has to be defined simultanously for all 7 € M to have
all premisses for the first A-inference. This corresponds to have all notations for
all subderivations of (H210.1)7'1 p(s)ho.

The rule (10.2)?’“ gives the actual cut elimination which again needs collaps-
ing. In the case of a cut of rank K we use the rule (10.1)7 .. The essential
reason why collapsing is possible is that we only look at derivations which end
sequent consists of 3(m)-formulas i.e. there is no w-fold branching in this tree.
The problematic cases are here Reff,A(s)—inferences. The essential steps to treat
this cases are to invert the IIs(m)-formula (inference If‘(s))7 apply the induction
hypothesis, use the fact that the ordinal index is now smaller which implies that
the witness for the ¥ (n)-formula is far below 7 which in turn allows us to re-
place 7 by a smaller 7 (inference BX](’:))t). The inference (H10.2)' 77 A(s) gives

the necessary notations for this transformations.

DEFINITION 9.2 (Inductive definition of the set D* of finitary derivations).
1. Dt C D*
§m &,m *
2. (Nl)B[gj (t),(N2)B[§‘] eD |
3. If ho, hl € D* then /\Ao/\A1 hohl, 1(; ho, Cutchohl, ij"F(x)ho, If(‘)ho,
SV F(@ ho, BY ho, Rehoht, ESho, (8.9)5 ho, (8.10)5T 4. ho,
(H110.1)::?7Bh0, (HQlOl)::?B(S)h(), (10'1)§,Fh0’
(H10.2)% 77 A(s)ho, (10.2)4™4hg € D*
where the ordinals and formulas satisfy the side conditions in the inferences
above.
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§10. Inductive definition of o(h),deg(h) and ref(h) for h € D*. The

ordinals o(h), deg(h) and ref(h) are already defined for h € DT.

O(/\Ao/\A1 hohl) =
deg(/\AoAAl hohl) =
ref(Aagna, hoh1) =

oV ho) 1= olho) +1
deg(\V/} ho) := deg(ho)
ref(\/'y ho) = ref(hg)
O(Cutchohl) = HlaX{O(ho), O(h,l)} +1
deg(Cutchohi) = max{rk(C)+ 1,deg(ho),deg(h1)}
ref(Cutchoh1) := max{ref(ho),ref(hi)}
O(Vg’aF(CL')hQ) = O(ho)
deg(Vy“F(x)ho) = deg(ho)
ref(V32F(z)ho) = ref(ho)
O(I;?)ho) = O(ho)
deg(Ifho) = deg(ho)
ref(If(‘) ho) = I’ef(ho)
o(ST* F@)hg) = o(hg)
deg(S¥*" F®hg) = deg(ho)
ref(SV””aF(f”)ho) = ref(ho)
o(By"ho) = o(ho)
deg(B"ho) := deg(ho)
ref(B"ho) = ref(ho)
O(Rchohl) = O(ho)#o(hl)
deg(Rchohi) = max{rk(C),deg(ho),deg(h1)}
ref(Rohoh1) = max{ref(ho),ref(h1)}
o(ESho) = Py ,0(ho)
deg(Egho) = p
ref(Egho) = ref(hg)

ﬂ,w

= THw

= v +3

= TH4w

max{o(hg),o(h1)} + 1
max{deg(ho),deg(h1)}
max{ref(hg), ref(h1)}

0
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o((8.9)57ho) = motho)
deg((8.9)%"ho) = deg(ho)
ref((8.9)%ho) = £+1
o((8.10)%™ 4, ho) = max{ers1,0(ho)+ 2}
deg((8.10)f4:___ aho) = max{r+w,deg(ho)}
ref((8.10)%" 4 ho) = E+1
O((Hllol)::;Bho) = E(OL+7T)
deg((H1 10.1)::g73h0) = E(Oé + 7T)
ref(H110.1)77 gho) == max{a,ref(ho)}
o((H210.1)7°F 5(s)ho) = E(a+lev(s)) +w
deg((H210.1)T7 p(s)ho) = E(a+m)
ref(H210.1)T7 p(s)ho) = max{a,ref(ho)}
o((10.1)7 rho) = E(y+ ko) 1)
deg(10.1)5 pho) = S(y+ Ko 4 1)
ref((10.1)7 pho) = max{y + K°"0), ref(hg)}
o((H10.2)4 77 A(s)hg) = W (y + wrotho)t)
deg((H10.2) 77 A(s)ho) = W (y +wiotholt)
ref((H10.2)0'77 A(s)ho)  := max{y + wh(0ho)+1) 'ref (hg)}
O((L0.2)8mEh) = WE(y 4 wiolho))
deg((10.2)4™hy) WS (y + whotho))
ref((10.2)4™ho)  := max{y + whotho) ref(hg)}

REMARK. We have 7% = (w™)* = w™* = p0(7-w). With S—a we denote the
unique ordinal ¢ such that o+ & = 0 for a < .

§11. Inductive definition of tp(h) and h[i] for h € D*,i € |tp(h)|. tp(h)

and h[i] are already defined for h € DT. The following definitions of h[i] are
repeated in the appendix in tree notation.
If A= Ai1A...AA, is a conjunction of sub formulas of 33 (7)-formulas then there
is a Lag-formula Bd] = B1[d@] A ... A By[d] and § € 7,°% with A = B[s]™. Let
GML be the theory in £aq4 which consists of the axioms (Ext), (Pair), (Union)
and the axiom scheme Ag-Sep (translated to the richer language!). For B[] we
get a Lag-formula C[d] in X3-form such that the equivalence of Bld] and C|[a]
is provable in GML. That means there are finitely many axioms ¢, ... , ¢x of
GML, such that the sequent

ﬁ¢17 (R 7"¢7€7 "B[a:]? C[(_i]

is derivable by purely logical means. Since we only need the axiom of pairing to
code set tuples we may choose C[d] in a way that the equivalence of C[a]¥ and
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Bla)¥ is provable in GML if y is a non empty transitive set which satisfies the
axiom of pairing. Therefore there are further axioms 1, ... ,; of GML such
that the sequence

—1,..., Yy, ~(tran(y) Ay # O A (Pair)?),=Cld]Y, Bla]¥

is provable by purely logical means.
According to Theorem 8.13 there are RS™-derivations dg, dy of

_|¢§r7 SR _'(b;crv _‘B[a]ﬂ-a O[a]ﬂ'
and
YT, Yl (tran(y) Ay # O A (Pair)?), =Cla)”, Bla]”

with FV(dp) C {ag,...,am} and FV(dy) C {ao,... ,am,y}. Since so,... ,Sm,
L, € T, we know that do(@/5),d1(d@/s,y/L,) are RS™-derivations for 7 < .
The derivations dy, d; are computable from A and B respectively. We call C[5]
the normal form of B[3] in this context.

We summarise the obvious finitary inferences A,\/ in the following and use the
notations A", \/” respectively. We define:

tp(ND 55 (#) = A AdE()
and
(N5 (8)[7] := Cutepgq (da, dy) for € MM lev(t)
with
do = Axio(Lr # t,-C[8)", C[8])

dy = \/FO /\Fl (Cuty, (db, , dy,), \/Ad5(LT) A (Ly = Ly))

i, = N\, (Ax3(tran(Lo)), \/, ) AX3 (Lo = Lo)), Ax] (Pair™))
dy, = Cutyr (Ax](Y7), ... , Cutyy (AT (¥7 ), d1(@/5,y/ L)) ...)
o := tran(L,) A Ly # 0 A Pair™
Fy := 32" (Ad*(2) A B[3)?)

Fy = Ad*(L,) A B[]

&N L
tp((N2)B[§]) T /\vzn(ﬁAdE(Z)vﬁC[éjz)

*

& . &,
N5 = Ve o DS

fort € 7.

For hh = Thy...hy with T = A, s, Z = VY% or T = Cutc let tp(h) == T
and h[i] := h; for i € tp(h).
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For h = V2. F(x)hg let
if tp(hg) = N
tp(h) := {/\VmﬁF(w) if tp(ho) = Ay, F(x)

tp(ho) otherwise
hli] ==V F (x)(ho[i])
for i € [tp(h)|.
For h = I;‘(‘) ho let

tp(h) == Rep;, if tp(ho) = A4
" |tp(ho) otherwise

hli) = T, (holi])
for i € [tp(h)|.

For h = S¥*"F(@)pq let
tp(h) :=tp(ho) and hli] := S () (ho[i])
for i € [tp(h)|.

For h = B hy let

tp(ho)  otherwise

tp(h) := {VAw,N) if tp(ho) = /%

hli] = Biy" (hold])
for ¢ € |tp(h)].

For h = Rohohy let

tp(h) i —~C & A(tp(h))
Cute,, if C € A(tp(ho)), ~C € A(tp(hy))

tp(ho) if C & A(tp(ho))
tp(h) :=

hli] { Reholilhi if  C & A(tp(ho))
© | Reholali] if —C & A(tp(ha))

Ho] '_{ Roholiolhy  if  C € A(tp(ho)), =C' € A(tp(h1)), tp(h1) = V¢
L Reho[0]lnif - C € A(tp(ho)), ~C € Atp(ha)), tp(ho) = V¢

B ::{ Rohohi[0] if € € Atp(ho)), =C € A(tp(h1)), tp(h1) = V'
Rch0h1[i0] if Ce A(tp(ho)), -C € A(tp(hl)),tp(ho) = 100
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For h = Egho let

tp(h) = Rep, if tp(hg) = Cute where p <v:=rk(C) <o
PA = tp(ho) otherwise

] = EVRcE] hol0]Egho[1]  if tp(ho) = Cute where p <v:=rk(C) <o
o EY holi] otherwise

for i € [tp(h)|.
For h = (8.9)% ho let

tp(h) = Refs (As) if tp(ho) = V5
P | tp(ho) otherwise

hli] == (8.9)5™ (ho[i))
for i € [tp(h)|.
For h = (8.10)%" 4 ho let
tp(h) 1= Cuta.~(aas(z)ac?)
h[0] := Cut (g (ho, (8.9)g(y~d)
with
d := Cutyr (AX] (47), . .. , Cutyr (AxT(9F), do(@/5)) .. .)

where B is the Laq-formula and dy the derivation from page 25 for A = A; A
ONA,.

For h := (H110.1)“’0‘)Bh0 let

v,
tp(h) = /\Vvﬂ(Ada (,U)_,v F(v,)C))

*

h[S] = (Hglo.l)::ﬁB(S)ho

\/—\Ad"‘(s)\/\/ I(s.K)
for s € 7.

For h := (H210.1)7°} 5(s)ho let
tp(h) == /\ﬁAda(s)
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hlr] := Cutp reer (di, \/ o) A\ (d2s /(100 1 o))
for 7 € M Nlev(s) with
C = Fu (tran(u) Au # O A B(uv’c))

G := (tran(L,) A Ly # 0) A B0

di = Axio(Lr # 5, [\ T, \/TEN)

dy = N\(Axg(tran(L,)), \/z#@ \/ZOGLT Axi(Lo = Lo))

For h := (10.1)7 pho let

Cutp if tp(hg) = Refx(B)
Nacxr i tp(ho) = Ay
tp(h) = { Vil if tp(ho)
CutD(n,;c) if tp(ho) = Cutp
tp(ho) otherwise
with F := J0™ (Ad™ (v) A \ =End(ho)*)), dy := ~ 4 KcoholOD),
If tp(ho) = Refx(B) let

h[0] := (8.10)}E6f&(h0)w)d0

h[1] := (H110.1)§;§gd(h0))3h0[0]
with End(ho) = {Fl, PN ,Fm} and

K K
dO = /\ﬁFl(”’K)/\.../\ﬁFT(f’K) (AXTO(_‘ 1(ﬂ' )7 Fl(ﬂ' )), .

T m—1

* T, K T, K * I K
N i (AT (= R EST), (Ao (BT, BTN L

Otherwise let
hli] := (10.1)7 gnd(nofap) hold]
for i € |tp(h)| where
"Y* ==y +wl€-o(ho[i])+lev(i)
if tp(ho) = Avux p(z) and 7* =7 otherwise.

For h := (H10.2)1°77 A(s)ho let
tp(h) == /\A(s)ww)

with 7 1= W (y + wh+m).

T T.o7A(s
hlt] =BT (10.2)8m7 1 hg

).
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for t € 7, with v, 1=~ + whCHev(®)
Note that: A(S)t = H;L'WG(s’t, {E) for A(S) = VyTFElerG(S7y, {E)

For h := (10.2)4™%hg with tp(ho) = Ref] A(s) let
n
tp(h) :=\/

J27(Ad? (2)AJu€zA(u) (=)

with 7 1= W (y 4 wrolhol0D+m)
— n * o s wm,o
n0):= A (Vo) AXS(y = L)\ (H10.2)577 A(s) o 0])
with ¢ := o(ho[0]) and

Fy := Ad°(L,) A Ju € Ly A(u)™™

Fy:=3u € LyA(u)™m.

For the remainder of this section let ap := max{o(hg[0]),0(ho[1])}.
For h := (10.2)4™¢hg with tp(hg) = Cut 4 and 7 < rk(A) let tp(h) := Repy.
If rk(A) = K let
h[0] := (10.2)5;’”’5(CutA(m,;<> ((10.1)% 1 4ho[0], (10.1)5 1 _ 4hol1]))
where k1= Z(y+K%), 7 1= y+wh 0.2 1/ = Z(y+ K +k) and T := End(ho).
If 7 < rk(A) & Reg let
h[0] = (10.2)%7SEE) (Cut4((10.2)270ho[0], (10.2)27ho[1]))
where d := v + w0 7:=St(rk(A)) and v := St(rk(4))".
If # <rk(A) € Reg and o < rk(A) =: 7 let
h0] i (10.2)87S aho[1] if A =3a" F(x)
Tl (10.2)8™ESAho[0]  if A =VaTF(x)
If 7 <rk(A) € Reg and m = 7 < o let
h[0] := Cut 4 w0 (). (d1, d2)
with
di := B )7 (10.2)870p 0]

0 (cip),r
dz = (10.2)470 (VT F(2))ho 1)),
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where without lost of generality =A = Va7 F(z).

If # <rk(A) € Reg and m < 7 < oy let

0 /
h[0] = (10.2)57Ey ") Cut 00 () o) (d1, da)

where di,ds as above and &' 1= dg + w0, 4 1= ¢ + wh oy i= St(PL()) .
In all other cases i.e. if tp(hg) # Ref7 A(s) and (tp(ho) # Cuty4 or rk(A) < 7) let

tp(h) := tp(ho) and hi] := (10.2)%™Sho[i] for i € [tp(h)].

§12. Inductive definition of Hj.
DEFINITION 12.1 (The notation systems Hy for RS(KC)-derivations).

11.

12.

13.

14.

15.

16.

© X N oW

Dt CH; C D* _

If hg, h1 € Hy then /\Ao/\A1 hoh1, Z) ho, Cutchohi € Hs.

If ho € Hs, § < a then Y32 F(x)ho € H;.

If ho € Hs, A =~ /\(Ai)ieJJb € J then I;?)ho € Hs.

If ho € Hs,0(hg) < a then S¥*"F(@)h, € Hj.

If ho, h1 € Hs, rk(C) € Reg then Rohohy € H.

If ho € Hs, p < 0, [p,0[NReg = 0, deg(ho) < o then EJho € Hs

ho € Hs, A € $1(k),0(ho) < 3 < k € Reg U {K} then B%"hy € Hj.

If t € 7, and BI[3] a conjunction of sub formulas of ¥3(m)-formulas then

(N1)57 (1), (N2)37, € Hy.

If hg € DT, € € C(m(n), ) N7, A€ T3(m) then (8.9)57ho € Hs.

If hg € DT, £ € C(m(w),m) Nm, £ > 0 and Ay,..., A, sub formulas of
Y3(m)-formulas, then (8.10)154’;“. ., ho € Hs.

If hg € H,, do =~ + K" 7€ M% s¢e T, NF(y,K°(0) T sub for-
mulas of IT3(K)-formulas, B € M3(K), C' = Ju(tran(u) Au # O A B®K)) €
T, k(ho) Uk(T) € C(yv+ 1,E(v+ 1)), End(ho) C T, B, dp + 7 < § then
(HglOl)::??B(S)ho € Hs

If ho € Hy, do := v+ Kcotho) e Mo NF(v, K°h0)) T sub formulas
of TI3(K)-formulas, B € M3(K), C = uf(tran(u) Au # O A B®X) €T,
k(ho) Uk(T') € C(y+ 1,E(y + 1)), End(hg) C T',B, dp+ 7 < ¢ then
(H110.1)” o ho € H;.

If hg € HW, & 1= Koo e M NF(y, K°h0)), deg(hg) < K+1,T sub
formulas of II5(K)-formulas, k(ho) Uk(T') C C(y+ 1,E(y+ 1)), End(hg) C
I, &+ < ¢ then (10.1)7 +ho € Hs.

If ho € Hy, & :=v+wh*, ag :=max{o(ho)+1,7}+1, p € Card, 7 < p,
o <7, NF(y,wtotho)y o € C(m(r), 7) Nm(r), deg(ho) < i, {7, 7,0, u} U
k(ho) € C(y+ LE(+1))NM{C(y+1,92(y+1)) : 7 < 7 < K}, End(ho) \
{A(s)} C Z1(m) U Ag(m), A(s) € Ila(m), ref(ho) < v, ¢ = o(hg), & < ¢
then (H10.2)77 A(s)ho € Hs

Ifhg € Hy, & :=vy+whol) e Card, © < p, & <, NF(y,whoho)) ¢ e
C(m(m), ) N m(m), deg(ho) < i {y,m & pu} Uk(ho) S Cly +1,E(y +
D) N{CHy + 1,92y + 1)) : 7 < 7 < K} End(ho) € Ii(m) U Ag(m),
ref(ho) <, & < & then (10.2)4™¢hg € H.
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Only now we finished the definition of Hs and only now we have stated more
precisely in which context to use the inferences given in section 9. We refer to
our explanations above for a motivation of the conditions in the definition. The
requirement k(ho) Uk(I') € C(y + 1,2(y + 1)) in 12.-14. and the requirement
{7, & upUk(ho) € C(y+ LE(y+1))NH{C(y+ L ¥y +1)) i <7 <K} in
15. and 16. are the restrictions already mentioned necessary to keep the ordinals
occurring in the witnesses below the collapsed ordinal index and to ensure that
the cut formulas satisfy the induction hypothesis. The condition NF (v, Ko(h0))
allows us to conclude v € C(a, 8). That & € C(m(w), ) Nm(w) is equivalent to
M?¢ stationary in m as we have already seen. Note that the inferences (8.9)%7T

and (8.10)3’:”. ., can only be applied to derivations ho € DF.

DEFINITION 12.2 (The operators Hs).
The operators Hs are defined by

Hs(X) = {C(e, B) : X € C(a, B) A G < a}.

The main task of the operators is to ensure that the ordinal indexing is strongly
monotone after collapsing i.e. the notations chosen here for sub derivations
must have a smaller ordinal then the notation of the derivation. The concept of
operator controlled derivations was first introduced in [4]. The next proposition
summarises the essential properties of operators:

PROPOSITION 12.3.

i) Hs(X) C Hy(X) ford <n.
il) The operators Hs are closed under the functions +,#,-,¢,¢ and (o —
Qa)a<l€~
iii) If &, 7m0 € Hs(X) and € < a < 6§ then Vs () € Hs(X).
iv) If Qo <1< Qo1 <K and n € Hs(X) then 0,00, Q011 € He(X).

PROOF. See [20]. !

The next theorem is the central statement of this paper:

THEOREM 12.4. (Hs,0,deg, ref, tp, []) is a normal notation system for RS(K)-
derivations and is controlled by the operator Hs.

PROOF. The proof is a rather tedious verification of the conditions defining
operator controlled notation systems. There are more than fifteen main cases
and several sub cases. We just show two cases to give a flavour of the argument.
The essential point is here that the whole argument works by induction on the
length of the derivation d. For a complete proof see [17].

Case XV. h = (10.2)4™%hg

We have hg € Hy, & =y + whotho) e Card, ™ < p,

€ <, NF(y,w (), € € C(m(r), ) Nm(r), deg(ho) < i

{7, m & up Uk(ho) CC(v+ LEN+ 1)) N{C(y+ 1, ¥y +1)) 7 <7 <K},
End(ho) g 21(7'() @] Ao(ﬂ) and ref(ho) S Y, a S 0.
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Case XV.1. tp(hg) = Ref? (A(s))
a)
A(tp(h)) = {32™(Ad7 (2) A Fu € zA(u)*™)} = A(tp(ho)) C End(ho) = End(h)
b)

End(h[0]) = {Ad”(Ly) A Fu € Ly A(u)"™} = Ao(tp(h))
c) Since tp(hg) = RefZ(A(s)) we get from LH. j) o(ho[0]) + 1 < o(hg), and with
7w < i follows

~ 4 wholholoD+m oy yurolho)

Let d := hg or d := ho[0]. Then v, 7, &, u € C(y+1, 02 (y+1)) C C(y+wH o 1)
and by LH. 1);m) we get o(d) € H. (k(ho)) € C(y + wt°d r).
Therefore
v 4wt DE™ ¢ Oy 4 W@ 1),
Since £ € C(m(w),m) Nm(w) due to 2.17 we get
Ve (y +wo@) <

and therefore successively

v A whot) oy € Oy 4 whotho) W (y + o))
by the definition of the ¥-function and NF (v, w#°(h0)). Therefore

Vo (y+1) < Wa(y + wiolho))
and
Hoy(k(ho)) € C(y + 1, T2 (v + 1)) € Oy + wH°h0) W8 (y 4 whotholy),

Since tp(ho) = Ref7 (A(s)) it is o € tp(ho) and we get

7,7, 1,0, 0(ho[0]) € Oy + wholho) WS (y 4 wiolo)))
and finally

WE (y + whotholODFmy < e (o 4 yu-olho)y,

Since o(h) = W& (y 4 wt°(h0)) is strongly critical follows the claim.
d) is part of c).
e) By LH.

ref (h[0]) = max{y+wH CHolODFY ref (ho[0])} < max{y+w°"ho) ref(hg)} = ref(h).

f) trivial.
g) As already shown in c) n = W& (v + wroholOD+m)) < o(h).

h)-j) trivial.

k) We have k(End(h)) = k(End(hg)) C k(hg) C

1) We have k(tp(h)) = {n} Uk(tp(ho)). By L.H.

{o(ho),o(ho[0])} Uk(tp(ho)) S Hy(k(ho)) € Hs(k(h)).

Since 7, u,m,& € k(h) and o € k(hg) C k(h) follows by ~ + wrolholO)+m
v + whoho) < § that

k(h) by LH..
1),m) we have

o(h),n € Hs(k(h)).
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m) By LH. k(ho[0]) C H.(k(ho)) and therefore k(h[0]) € Hs(k(h)). In 1) we had
already proved 1 € Hs(k(h)). Therefore o(h[0]) = w1 + 1 € Hs(k(h)).
n) Let

C:=Cy+1L,EZv+1))n[YCH+1,¥(y+1)): 7 <7 <K}
By LH. ho[0] € H, and by assumption p € Card, 7 < f.
Since tp(ho) = RefZ(A(s)) we get by L.H. j) and the assumption
o < ref(hg) <+ and o € C(m(w),r) Nm(mw).

From NF(y,wt o)) follows NF(y, wt°(hol0)+m) because of 7 < u together with
LH. ¢) and from k(hg) C C follows H.(k(ho)) C C which implies with I.H. m)

k(ho[0])  Hy (k(ho)) € C.

Since o € k(tp(ho)) € H,(k(ho)) € C by LH. 1) follows together with the
assumption {v,m, o, u} Uk(hg) C C.
Further we have

End(ho[0]) \ {A(s)} C End(ho) C X1(7) U Ag(mr)
by LH. b), A(s) € IIz(w) and ref(ho[0]) < ref(hg) < v by LH. e) and finally
o(ho[0]) + 1,7 < o(ho) since tp(hg) = Ref7 (A(s)) by I.H. j) which gives
vt Wt <~y wholho) <46

for ap := max{o(ho[0]) + 1,7} + 1.

Case XV.2. tp(hg) = Cut4 and rk(4) = K:
a)
A(tp(h)) = A(tp(Repy)) = 0 € End(h)

b) From NF (v, wo()) follows NF(vy, ) for ag := max{o(ho[0]),0(ho[1])}.
Therefore v+ 1 € C(y + K*,Z(y + K£*)) and further

E(y+1) < E(y+ KY) =: k.
Since

7eCly+1,Z(vy+1)NKCCH+K* k)NK =k
follows
End(ho) = End(hg)X)

from End(hg) C 31 (m) U Ag(m).
We get

End(h[0]) = End(ho) = End(h).
c) Let

C:=Cy+1,E(y+ 1) N[ {CH+ 1,92y +1)) : 7 < 7 < K}

We have o(h[0]) = W& (7 + w1 where 4/ := v + w0 .2, 1/ == E(ag + k)
and o(h) = WE (y + wh-olho)),

I
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Let 7 1=~/ 4wk (W'+1),
By assumption and I.H. m) we have

o(ho[0]), o(ho[1]) € Hy (k(ho)) € C.
Therefore ap € C and since by assumption v € C follows v+ K£* € C. By I.H.
1) follows ~ + K°(h0) € C' and because of C' C C(y + 1,7)

WS (y + Koho)y < 1,
since M¢ stationary in 7 because of £ € C(m(m), ) N'm(r). Since k = Z(y +
Ke0) e C(y 4+ K% -2+ wt W+ 71 follows further
T (7 + W WD) <
Since v + 1 € C(y 4 KoUo) W& (4 4 ko)) follows
C CC(y+1,W(y +1)) C Cly + K0 WE(y + K000,

Therefore v + K € C(y + K°0) Wé (4 4 K°(h0))). Since by LH. ag < o(hg)
follows x € C(y + Koho) T (v 4 ko)), Tt follows v + K + k € C(y +
Jcotho) W€ (y+4-1Co(ho) )) and because of y+K*0 4k < y+K°ho) further p/ € C(y+
Jeo(ho) W€ (4 [coth0))). Tt follows ~/ 4wk (W +1) € C(ry + KoU0) WE (~ 4 Ko(R0)))
and because of m, & € C and ' + wh W) < v + Kotho)
o(h[0]) = WE(7 + w0 D) < WE (3 4 K°)) = o(h).
d)
deg(h[0]) = o(h[0]) < o(h) = deg(h)
e) We have u = K and therefore
ref (1[0]) = max{y + KC°UOD o 4 geotholD 5/ " 0D ref (ho[0]), ref(ho[1])}

< max{y + w"°") ref(ho)}

=ref(h),
since i/ < K and by LH. ¢) 7/ < + K°U0) = ~ 4 (yK-olho),
f)-j) trivial.

k) follows from the I.

1) We have k(tp(h)) = 0 and o(h ) € Hs(k(h )) was proved already above.

m) We have k(h[0]) = {u &, 'y v, k} Uk(A®R)) UK(End(hg)). Since tp(ho) =
Cut 4 follows by L.H. 1) k(A) € H,(k(ho)) C Hs(k(h)). Further we have k(End(hg)) C
Hs(k(h)) by LH. k). We have 7 § v € k(h) and by L.H. ag € Hs(k(h)) and there-
fore v + K € Hs(k(h)). Since y + K < v+ K°0) < § follows

= E(y +K£%) € Hs(k(h))
and therefore v+ +r € Hs(k(h)) and because of v+ +k < y+K°0) < §
Wo=E(y+K* + k) € Hs(k(h)).
Since we have v/ = 4+ K -2 € Hs(k(h)) follows v/ + w1 & Hs(k(h)) and
because of &, € Hs(k(h)) and 4/ + wt" W+ < §

o(h[0]) = W (7' + W ) € Hs(k(h)).
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n) By LH. ho[0], ho[1] € H,. Since 7 < k and by LH. m) o(ho[0]),0(ho[1]) €
Hy(k(ho)) € C(y+1,7) follows a; € C(y+K*, k) for i := min{o(ho[0]), o(ho[1])}.
Since k € M7TE™ follows k € MI+HE™ je. g € MY for 5 = 0,1.
From NF(y, K£°("0)) and I.H. c) follows NF(ry, K°("0ll)) and we have deg(ho[i]) <
deg(ho) <ap=K+1byLH.d) fori=0,1.
Since rk(A) = K and End(ho) € X1 (m) U Ag(m) follows End(hg), (—)A are sub
formulas of II5(fC)-formulas.
By L.V. k),1),m) follows

k(i) U K(End(ho)) U K(4) € k(i) U k(o) U K(tp(ho))
Hs(k(ho)) € C(v+ 1LE(y +1))

Since v+ K% + k < v+ K - 2 follows
(10.1)5 1 4hol0], (10.1)5 1 _ aho[1] € H.

We have 1/ € Card and since k € C(dp + k,E(dp + k)) and 7 < k as already
shown in b) follows

!’

7T€C(OZo-FIi,E(OZo-FIi))ﬂK:ZE(do—i-Ii)Z/L.

By assumption we have £ < < 7/ and £ € C(m(r), 7)Nm(r) and NF (v, wh (' +1))
because of ' < K.
Further we have

deg(Cut 4e.x) (10.15 1 4ho[0], 10.15 1 _ 4Ro[1])) = 4.
::hl
Let C' :=C(y + 1L,LE(Y + 1)) nN{CH + 1,9y + 1)) : 7 <7 < K}.
Since v € C(y' +1,E(v' +1)) because of NF(y, £*) follows C'(v+1,E(y+1)) C
Cv+1,E( +1)).
If ¥O(y" +1) = 7 then ¥o(y+ 1) < ¥Y(y’ + 1) and therefore
Cly+1,9%(y+1)) C O +1, ¥+ +1)).

If ¥o9(y' +1) < 7 then v/,7 € C(v' + 1,%%(y' + 1)) and therefore we have
v € C(y +1,09(y'+1)) because of NF(ry, K@°). Tt follows U0 (y+1) < W9 (y/+1)
and therefore in this case as well

Cly+1,9%(y+1)) C O + 1,0+ +1)).

Therefore C C C’. From v € C and o(ho[0]),0(ho[1]) € Hy(k(ho)) C C follows
therefore v+ K% € € and since v+ K* < v/ further k € C’ and as well u’ € C’
because of v+ ¥ + k < 7.

Altogether we have

{',m & p' Y Uk(ha) = {7, &, 1 v} Uk(ho[0]) U k(ho[1]) UK(T', A) € C".
Since End(hy) = End(ho) C () U Ag(m) and
ref(h1) = max{y + K, ref(ho[0]), ref(ho[1])} <+

because of ref(holi]) < ref(hg) < v for ¢ = 0,1 as well as ' + Wl WD) <
v + wkolho) < 5 follows h[0] € Hs. )

—~
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We can proof a theorem similar to Theorem 5.3 in [8]. Let “z=HF” denote
the formula tran(z) A 3z € z(z C z) A (Pair)* A (Union)* A ((z € -1 V& =
z9) — Sep)* AVz € z3u € z(Jy € u(z € y) A Auw)).

THEOREM 12.5. Let II3-Refl - Vz(“2=HF” — ¢*) where FV(¢) =
there is a & < ex4+1 and a h € Hs with o(h) < ¥ (exc11), deg(h)
End(h) € {¢™}.

0. Then
=0 and

PRrROOF. Let II3-Refl F Vz(“2=HF” — ¢*). Then there is a Conjunction x of
Axioms of II3-Refl such that the sequent

“(X /\ LLZZHF77),¢Z

is derivable by purely logical means.
According to theorem 8.13 there is a RS*-derivation hg and n,m < w with

End(ho) C {=(x A “z=HF"), $*}
FV(hQ) = {Z}, k(ho) - {0, IC}, O(ho) < wktn +m, deg(ho) <K+w.
By proposition 8.9 hy := ho(z/L,) is a closed RS*-derivation (i.e. hy € DV)
with
End(h1) € {~(x A “Lo=HF"), g%}
k(h1) C {0,K},0(ho) < W™ +m, deg(ho) < K + w.
Further there is a RSY-derivation h) with
End(h}) C {x* A “L,=HF"}
o(h}) < Wt deg(h}) < K and k(h}) C {0,w,K} (for x = x1 A ... A X1 B}
is built by A-inferences and the RS-derivations Axj}(Pair)*, Axj(Union)*,
Axg(tran(Ly)), Axi5(Vz € L,3u € L,(Fy € u(z € y) AN A(u), Axj((zx € 1V =
z9) — Sep)¥ as well as Ax;“-x;c fori=1,...,l and j = 1 or j = 2 according to
the kind of ;).
We have deg(x® A “L,=HF") < K 4 w.
—_—

=:C
Let K + k := min{deg(C), deg(hq), deg(h}), L + 1} and
0 e
hi=Ey 7 (10.2)C 2 OB Cuto (k) hy )
where a := wy - ; (max{o(h1) + 1,0(h}) + 1}).
Since hy, h € DT follows hi,h} € Hy and therefore hy := Cute(h], h1) € Hy.
We have deg(hs) < K + k and therefore hg := Eﬁffhg € Hp.
It is easy to verify the conditions for
hy := (10.2)0/C,521,0h3 S Hw)C-cx
o, (K)
and therefore we have h = E; ™ hy € H coo. -
§13. A bound for the I1J-Skolem functions of II;-Reflection. As a first
application of the notation systems Hs we are going to define a 2-ary recursive
function f with |= Vo € L,3y € L n)¢(x,y) for h € Hs with End(h) C {Vx €
L3y € L,g(z,y)}, deg(h) = 0, ¢(z,y) € Ag. We use the symbol = in this

section for validity in the structure of the hereditary finite sets. By Theorem 12.5
we get from I3-Refl - Vz(“z=HF” — Vz € 2Vy € z¢(z,y)), ¢(x,y) € Ap that
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= Va € L,3y € Ly n)¢(x,y) for an appropriate h € Hs. Since f will be defined
by <-recursion in the sense of Takeuti [28], the recursive enumerable subsets in
the structure of the hereditary finite sets are exactly the X;-definable subsets of
the natural numbers (Barwise [3]) and a partial function is recursive if and only
if the graph of the function is recursive enumerable (e.g. Rogers [15]) we may
interprete this as a characterisation of the provably recursive (provably total)
functions of KP + II3-Refl. In this section only we use transfinite induction.
Since we proceed again in a way similar to [8] we just state the definitions,
propositions and theorems and point out the minor differences.

DEFINITION 13.1. 2 := 0,2, := 2%=

LO ifn=0
Spi= €Ly =8 V...VT =235y, fn=2"04 . 427
no > ... > g, L= lev(sy,)
PROPOSITION 13.2.  a) s, is an RS-term with lev(s,) < w,
b) lev(sy) < m iff n < 2.

PROOF. See [8]. 4
DEFINITION 13.3. 7% := {s,, : lev(s,) <m} = {sp :n < 2, }.
REMARK. Note that 7% is a finite set in contrast to 7,,.

VieJlEA it A= A(A)ies

DEFINITION 13.4. = A : 1ff{ SieJE A if A=V(A)es

ET:ff 3AeT = A

PROPOSITION 13.5. a) = —A iff £~ A.
b) E s #t,-A(s), A(t).

PROOF. See [8]. 4
PROPOSITION 13.6. For a € T, there is an n < w with
Ea=s, and lev(s,) < lev(a).
PROOF. See [8]. 4
PROPOSITION 13.7. For A= A\(A;)icT,, we have
EA iff EA foradlieT).
PROOF. See [8]. !

DEFINITION 13.8. The class of <-recursive functions is the smallest class of
arithmetical functions which contains the constant zero function, the projections
and the successor function and is closed under superposition, primitive recursion
and <-recursion, i.e. if h, g, 0 are <-recursive then so is f where f is given by

f@w%:{Mi%ﬂﬁwim» if 0(7,y) <y

9(Z,y) otherwise.

REMARK. < denotes the ordering on 7 (K).
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DEFINITION 13.9. of f(h,n) for h € Hs and n € w

T: ifJ =T,
T it J =1,
or A= NAdieslet [AT= 9 55— o1y
1] otherwise
f(Rhlio],n) if tp(h) = Rep;,

max{ f(h[0],n), lev(io) + 1} if tp(h) = /s, lev(ip) < w
max{f(hli],n):i €| A"}  iftp(h) = A4
0 otherwise

f(h,n) =

DEFINITION 13.10. Let A™F the RS-formula which we get by replacing in A
every bounded quantifier of the shape Vz € L, by Vx € L,, and every bounded
quantifier of the form 3z € L, by 3z € Ly. Let Tk := {A™*: A €T}

ProprosITION 13.11. If h € Hys, End(h) € RS,,deg(h) = 0 and f(h,n) < k
then |= End(h)™*.

PROOF. Transfinite induction on o(h).
Let h € Hs,End(h) C RS,,,deg(h) =0 and f(h,n) < k.
Since End(h) C RS,, we have tp(h) # Refx A and tp(h) # Ref (A(s)). Therefore
we can conclude as in [8]. 4

THEOREM 13.12. If KP + II3-Refl - Vz(“z=HF” — Va € zVy € z¢(z,y))
where ¢(z,y) € Ao then there is a h € Hy with o(h) < U (exc4+1) and for every
natural number n we have =V € Lp,3y € Ly n)d(2,y).

ProoF. Follows by 12.5 and the proposition above. B

814. A conservation result. It is well known that we may interprete prop-
erties of the hereditary finite sets as arithmetical properties. We are going to
prove that for ¢ € Ag from KP +II3-Refl - Vz(“z=HF” — Vz € z3y € z¢(x,y))
follows PRA + PRWO(<) F Vz3yl (¢(x,y)) where U(¢p) is a translation of the
set theoretical formula ¢ in an arithmetical formula. By PRWO(<) we denote
the property of < that there is no infinite descending recursive function. We
may axiomatise PRWO(<) by the formulas Inf(n + 1) £ f(n) where f runs
over all primitive recursive functions and may contain further parameters. Note
that there are primitive recursive well-orderings which are not well-orderings
(e.g. Troelstra/Schwichtenberg [30] pp. 279-284). The theory PRA is for-
mulated in a first order language. The function symbols and axioms are build
analogous to the primitive recursive functions and there defining equations. The
symbol = is the only relation symbol and the symbol 0 the only constant symbol
of the language. In PRA natural induction is restricted to formulas without
quantifiers i.e. Ag-formulas of the language. Skolem introduced PRA 1923 [27]
as an informal system (without quantifiers). The theory is discussed in length
in Hilbert/Bernays [12] and serves as an example for finitary reasoning. The
quantifier-free part of the theory has a lot of interesting properties. In particular
it is independent of the logic based on: we can proof the same sentences from
the axioms by intuitionistic as by classical logic. See as well Troelstra/van Dalen
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[31] for the relevance of PRA.

The proof of the result announced above can be sketched as follows: If we have
KP + II3-Refl - Vz(“2=HF” — Vz € z3y € z¢(x,y)) then we get a notation
h of an infinitary cut-free derivation with End(h) C {Vx € L,3y € L,¢(z,y)}.
For every natural number n we get a notation h(n) := I3- LWLtV p o an
infinitary derivation with End(h(n)) C {3y € Ly¢(sn,y)}. If we assume that the
end formula of h(n) is wrong then one of the premises of the last inference must
be wrong. We choose the “smallest” and get a notation for a cut-free infinitary
derivation which endsequent contains only wrong formulas and has an smaller
ordinal. By iteration we get an infinite descending primitive recursive function
since we may bound our search area in a primitive recursive way. Therefore
Jy € L,¢(sn,y) must be true and with the help of a partial truth predicate we
may transfer the result to the translation.

Let dp(m,n) := mod(dlv(m) (n),2) with divéo) (n) := n and divgmﬂ)(n) =
div(divgm) (n), 2) where div, mod denote the usual number theoretic functions with
m = div(m, k) - k + mod(m, k). For ag, ... ,a, <1 we have

dp(i,Zaj-Qj)zl < it<manda; =1

DEFINITION 14.1. Definition of Name([z € L,, : ¥(ag, ... ,am,x)]) by induc-
tion on n and side induction on the rank of ¥:
Name(Ly,) := 2,41 — 1
Name([z € L,, : Ad*(z)]) :=
(xrely:zex]):= O
Name([x € L, : x € a]) := Name( )
Name([z € Ly, : a € 2]) := Z ”:_0 dp(Name(a), m) - 2™
Name([z € Ly, : ¢ A¢]) := Name([z € L,, : ¢]) - Name([z € L,, : ¢])
Name([z € L, : Vy € Loib(y)]) := zf;g%n?;gl dp(i,Name([z € L,
¥(s;)))) -2
Name([z € L,, : =¢]) := Name(L,,) — Name([x € L,, : ¥])
where 220 "(...):=0and H2° ") =1
We may now define a partial truth predicate Trueg for Ag(w)-sentences by means
of Name:
DEFINITION 14.2.
trueg(AdS(t)) := 0
trueg(s € t) := dp(Name(s), Name(t))
trueg (¢ A 1) := trueg(¢) - trueg(v))
trueo(Vy € t(y)) == [[;=5" " sg(1 — dp(j, Name(t)) + true(4)(s;)))
trueg(—p) := 1 — trueg(v))
where again Hfigl( ) i=1.

PROPOSITION 14.3. We have
1. Name(t) <2, < teT, < trug(tel,) =1



40 MARKUS MICHELBRINK

truep(t € s) = trueg(s € Ly,) =1 = trueo(t €L, =

For m > lev(t) we have Name(t) = 212 o " trueg(s; € t) 2,

trueg(t Cs) =1 = Name(t) < Name(s)

trueg(t=s)=1 = Name(t) = Name(s)

Name(t) = Name(s) = truep(¢(t)) = trueg(p(s))

trueg(t =s) =1 <«  Name(t) = Name(s)

trueg(s € Ly,) = trueg(p(s)) =1 < truep(s € [x € Ly, : ¢(2)]) =1

PN O N

PRrROOF. 3. Natural induction on lev(t) with side induction on the skeleton of
t. We have trueg(s; € t) = dp(i,Name(t)). We consider only the cases t = [z €
L,:x€aandt= [z € L,:ac€az
2n—1

Name([z € L,, : « € a]) = Name(a Z dp(i, Name(a)) - 2

2,—1
Name([z € L, : a € z]) = Z dp(Name(a), j) - 2°

2,—1 2,—1

Z dp(i, Z dp(Name(a), j) - 2%) - 2°

4. Let m = lev(t). Then follows

1 =truep(t C s)
= truep(Vz € t.x € 5)
2, -1
= H sg(1 — dp(i, Name(t)) + trueg(s; € s))
i=0
2, -1
= H sg(1 — truep(s; € t) + trueg(s; € s))
i=0
ie.
truep(s; € t) = 1 = trueg(s; € s) = 1.
By 3. follows the claim.
5. Follows from 4.
6. Induction on ¢.
7. By main induction on lev(¢) and side induction on the skeleton of ¢ follows
trueg(t =t) = 1 and by 6. follows the claim.
8. Main induction on m, side induction on ¢. —

PROPOSITION 14.4.
1. For A ~ \(As)ser,, we have

truep(A) = < trueg(As) =1 for all s € T,
2. For A ~\/(As)seT, we have
(A

trueg(A) = & trueg(As) =1 forans e 1.
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PROOF. 1. Let A=t ¢ [z € Ly, : ¢(z)]. Then we have
trueg(A) =1 < trueg(—A) =0
Pgss trueg(t € L,,) = 0 or trueg(4(t)) =0

& forall s € T trueg(t = s) =1 = truep(é(s)) =0
& forall s € T truep(t # sV —¢(s)) =1

about (!): “<” Let trueg(t € Ly,) = 1. Then we have t € 7,,, and Sname(s) € 7,
as well as trueg(t = Sname(t)) = 1 since Name(sname(r)) = Name(t). Therefore

0 = trueo (¢ (Sname(t))) = trueo(o(t)).

“=7 If truep(t = s) = 1 then follows trueg(é(s)) = truep(é(t)) = 0.

For A =Vx € L,,,¢(x) the claim follows immediately by the definition of true.
2. Immediate from 1. -

Truep := {4 € Ag(w) : trueg(A) = 1}, Falsep := Ag(w) \ Truey.
DEFINITION 14.5. For B = 3z € L,A(x) with A(Lg) € Ap(w) let
Hj(B) := {h € Hs : deg(h) = 0 and End(h) C {B} U Falsey}.
DEFINITION 14.6. Definition of red(h) for h € H3(B)
he o iftp(h) = A\, A~ A(As)sers
hlsn] if tp(h) = Aas A = N(As)seT,ins
red(h) = n = pi < 25,41 (trueg(4s;) = 0)
hin] if tp(h) = Agyan, 1 = pi < 2(trueg(4;) = 0)
hjo] if tp(h) =\
PROPOSITION 14.7. If A(sy,) € Falsey for every natural number n then
h € H3(B) = red(h) € H3(B) and o(red(h)) < o(h).
PROOF. Let tp(h) = /5. Then is
End(red(h)) = End(h[0]) C End(h) U {A(s)} C {B} U Falseg

by assumption and trueg(A(s)) = trueg(A(sy,)) for m = Name(s).
All other cases follow in the same way. —

PROPOSITION 14.8. If A(s,) € Falsey for every natural number n then
h € HX(B) = red(h)'™ e Hj(B)
for every natural number m.
PRrROOF. By natural induction on m from the preceding proposition. -

PROPOSITION 14.9. If h € H}(B) and there is an n with o(red"*1(h)) £
o(red™(h)) then there is an n with A(s,) € Trueg.

PROOF. By the two preceding propositions. B
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By means of Name we can translate Ag(w)-formulas into arithmetical formulas.
By 7 we denote the arithmetic term S...S 0.
——

n—times

DEFINITION 14.10.

Uz €y):=dp(z,y) =1
U(z € a) := dp(z,Name(a)) =1
U(a € b) :== dp(Name(a), Name(d)) =
U(ANB):=U(A) NU(B)
U(V:Z? € yA) =Vz < 2Iev(num(y))(dp($ y) =0 \/U(A))
UVx € tA) :=Vr < 2ty (dp(z, Name(t)) = 0V U(A))
U(—A) == -U(A)

Note that we get an translation of set theoretical Ag-formulas into arithmetical
Ap-formulas by this. Note further that the translation has the same free variables
as the source formula. For the definition of num see the following pages. We
are going to show that PRA proves that truey is a partial truth predicate for
Ag(w)-sentences. To emphasise all subtleties of the following arguments we make
a precise difference at this point between all syntactic objects: formulas, terms,
variables and Gédel numberings. That means we understand the functions Name
and trueg as defined on the Godel numbers whereas the domain of I/ is still the
set of Ag(w)-formulas.

Since we need for the proof some elementary properties of the Gédel numbering
of RS-terms and -sentences we define one specific G6del numbering below. We
assume we have already a Gédel numbering of the logical and non logical symbols
as well of the variables and e-formulas.

DEFINITION 14.11.

gn(s € t) := (gn(€),gn(s),gn(t))
gn(s ¢ t) == (gn(€),en(s),gn(t))
gn(A A B) := (gn(A),gn(A),gn(B))
gn(AV B) := (gn(V),gn(4),gn(B))
gn(Vw € tA) := (gn(V),gn(x),gn(t),gn(A))
gn(3z € tA) == (gn(3),gn(z),gn(t), gn(A))
gn([x € L (b(alv <o 5 Amy, I)]) = <gn(Ln)7gn(x)vgn((b)vgn(al)a o agn(am»

The following proposition shall remind the reader of some elementary facts:

PROPOSITION 14.12.

. PRAFz<n<—z=0V...Vz=n

2. PRAF[[N f(@)=1< f0)=1A...Af(R) =1
3. PRAEY " 5f(x) >0« f(0)>1V...V f(n)>1
4. PRA FVr < nig(x) < ¢(0) A... A d(R)

5. PRA 3z < ag(x) < ¢(0) V...V é(7)



A BUCHOLZ DERIVATION SYSTEM 43

Let num a? primitive recursive function with num(n) := gn(s,) and
PRA F Name(num(z)) = z.
Let further sb be a primitive recursive function with
sb(gn(A). gn(z),gn(t)) = gn(As (1))

for RS-Formulas A, variables  and RS-terms t. We write A(&) for the arith-
metical term

sb(gn(A), gn(z), num(z)).

Note that the variable 2 in this term occurs free just at the last place 3.
With sb we may define trueg on the Gédel numbers of Ag(w)-sentences as follows:

DEFINITION 14.13.

truep((gn(€), z,y)) := dp(Name(z), Name(y))
trueo({(gn(A), z,y)) = true02(:1:) ~1true0(y)
trueo((gn(V), 2y, 2)) := [[;Z5  se((1—dp(j, Name(y))+trueo(sb(z, z, num(j))))

The reason for this detailed presentation which may look exaggerated is that
we need some rather profound properties of the functions truep, gn and sb in the
proof of the next proposition. The next proposition states that we can say some-
thing about the function values trueg(z) in PRA without completely knowing
the argument x. It is easy to see that our definitions of the functions trueg, gn
and sb have the properties needed in the proof of the following proposition.

PROPOSITION 14.14. For Ag(w)-formulas A we have
PRA F trueg(A(2o, ... y&m)) =1 < U(A(zo, ... ,Tm))

PROOF. Let A= ¢(ag,. .. ,an,Zo,- - ,Tm). Structural induction on ¢.
We just look at the cases with the for all quantifiers. Further we omit the RS-
terms ag, ... ,a, since they play no particular role in the argumentation.
Let ¢(zg,... ,@m) =VEmi1 € t(X0, ...y Tig1)-
By I.H. we have

PRA - trueg(¢(do, ..., &mt1)) =1 = U@ (@0, ..., Tm41))-

2For the proof we need some properties which depend on the intensional way the function
is given. This is the reason why we write “a” instead of “the” here and at some other places.
From an extensional point of view there is only one function.

3Such formulations which I think are rather ill-chosen are common in the literature see e.g.
[11, 29]. However they allow to emphasise the double réle of x (as metavariable and variable

of the term) by the formulation A(z).
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Therefore we may argue in PRA as follows:

1 = true0(¢(9'co, S ,i‘m))
= true0(<gn(v)7gn(‘r’m+1)7gn(t)vw(jjoa R 7‘r’m)>)
Zlevign(ey) ~1
= [ sl = [wmir € t]+truea(¥(io, ... ,Emi1)))
Tm+1=0
=
Vl‘m+1 < 2Iev(gn7(t)) [$m+1 S t] =1— trueo(z/z(dco, . ,im+1))
I.H.
-~
Vl‘m+1 < 2@[117”4_1 S t] =1—- U(’Q/J(l'o, R ,LL‘m_H))
=

Z/{((b(:EO, S ;Im))
where [Z,,11 € t] := dp(pm11, Name(gn(t))).

In the case ¢(xo,... ,Tm) = VEmi1 € ;0(x0, ... , Tmy1) We get:
1= trUeO(Qb(j?Oa s ,CCm))

= trueg((gn(V), gn(@m+1), num(z;), Y(Zo, . .. ,Em)))
Zlev(num(a ;) 1

= H sg(1 — [zm+41 € zj] + trueo(Y(Lo, - ., Emr1)))

$m+1:O

=4

V(Em+1 < 2Iev(num(mj))[xm+l € xj] =1— trUGOW(iO, s wrbm-i-l))
IH.
=

Vomt1 < 2Iev(num(mj))[xm+l € xj] =1— U(¢($Q, s 7xm+l))
=4

u(¢($05 e ;Im))

since PRA + Name(num(z;)) = z;
where (@41 € 2;] := dp(@m+1, Name(num(z;))). =

COROLLARY. For Ag(w)-sentences A we have
PRA | truep(gn(4)) =1 « U(A).

The functions o, deg, ref, tp, ] and the predicate H; are defined in a primitive
recursive way (where the recursion is on the length of the argument: the string
d). The proof of the arithmetical proposition that Hy is a notation system for
RS(K)-derivations i.e. the verification of the Ag-properties a)-n) just uses Ag-
induction as do the proofs of all propositions needed in the proof. For a proof
that the functions trueg and Name are primitive recursive see [17]. Therefore we
are able to prove our last theorem:

THEOREM 14.15. From KP + II5-Refl - Vz(“2=HF” — Va € 23y € z¢(x,y))
with ¢ € Ag follows PRA + PRWO(<) F Vn3mi (¢(n, m)).
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PROOF. We denote the function symbol representing the primitive recursive
function | with I(gn(A), gn(t),gn(h)) = gn(I2h) by | as well.
Let KP + II3-Refl - Vz(“2=HF” — Vz € 23y € z¢(x,y)) where ¢ € Ay.
By Theorem 12.5 there is a § and a h € Hs with deg(h) = 0 and

End(h) C {Vx € L,y € L,é(x,y)}.

Let h(n) denote I(gn(Vx € L,3y € Loo(z,y),num(n), gn(h)).
We have

PRA I h(n) € H}(3y € L,o(i,y))
and

PRA + PRWO(<) F 3m o(red™ " (h(n))) & o(red™(h)).
By proposition 14.9 follows
PRA + PRWO(<) F Im truep(¢p(n,m)) =1

and since PRA | trueg(¢(n,m)) = 1 < U(¢p(n,m)) therefore

PRA + PRWO(<) F ImU(d(n, m)).

By generalisation follows the claim. B
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Appendix A. Notations for the sub derivations. Remember that the infer-
ences are only used in the situations of Definition 12.1. We write d : I" for End(d) C T".

Ad h:= (N1, (#):
(8, L;) == —y7,..., =, =(tran(L-) A L; # O A Pair™),—C|5], B[3]

db2 =

L:9f  di(@/s,y/Lr) : T(@/5,y/Lr)

CUtw{’
1: 9 :
F(a/§7 y/LT) \ {_‘1/47 cee 7_'1:[)?}

Cutd,zr
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db =
dp, : T(@/8,y/ L)\ {—9T,..., "¢} dp, :tran(L;) A Ly # 0 A Pair”™ 3: L, =L,
~C[&". B U TAd (L)
O 35 (A () A BET)
hlr] =
dp : =C[3)7,32™(Ad*(2) A B[5]*) 10: L. # t,~C[5]",C[3]" Cut
u

Lr #1, _‘C[g]t7 Hzﬁ(Adé(z) A B[g]z)
By A_aae() = tp(h) follows the conclusion of h
AdS (), ~C51', 32 (AdS(2) A BIS)).

Ad h = (N2)5T:

h[t] ==
—AdS(t), ~C[5]t, 32" (AdS(2) A B[3])7)

—Ad*(t) A ~C[5]", 32" (Ad* (2) A B[5))
By tp(h) = /\Vz,r(ﬁAdg(z)vﬁcmz) follows
V2" (-Ad(2) V ~C[5)7), 327 (Ad* (2) A B[3]).

Let I" := End(ho).
Ad k= ((8.9)5 )ho:
tp(ho) = Vi

h[0] :=
ho [0] : A57 I
3z27(AdS(2) A AB), (A, T) \ {4}
By tp(h) = Ref$ A(s) follows

32" (AdS(2) A A T\ {A}.

(8.9)%"

PR

Note that A = A1 A ... A A, = B[5]™ (see p. 24).

d:=

1:9¢7 do(a/§') 1oQT, . o, _‘B[g] 7C[§] Cut(ﬂr

—B[s]", Cls]"
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h[0] :=
d: -B[s]", C[3]" (8.9)57 .
ho : T —B[3]™,32"(Ad*(2) A C[3]7) CutBC[é[ij
327(Ad*(2) A C[8)7), T\ {B[5]})
h[1] :=

(N2)§7 « (327 (AdS(2) A CIT°)), 327 (AdS(2) A BIST)
By tp(h) = CutElz"'(Adg(z)/\C[é']z) follows

327(Ad*(2) A BIEI"), I\ {B[31}.

Ad h = ((H110.1)D°F 5)ho:
Note that C' = Ju” (tran(u) A u # O A BX),

hls] :==
ho:I',B
—Ad*(s), Y TR, 0mF)

(H210.1)77 5(s)

—Ad® () VY TR, O
By tp(h) = /\anﬁAda (v)VV r(w,K) follows

Yo" (=Ad® (v) v \/ 1), )

Ad B = ((H210.1)™% 5 (s))ho:

u# 0 ABR))
BR),

Note that C' = Ju (tran(u)

N
and G = tran(L-) A L # 0 A

ho :I',B

e g (0Dhra

da :tran(L;) AL # 0 W
(VA NERNE
di: Lr #s,\J T A1) VTR oK)
L, # 57\/1*(8,’070(#”0

By tp(h) = A_aqa(s) follows

Cut

=Ad%(s),\/ T, )
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Ad h := ((10.1)7 1) ho:
tp(ho) = Refx(B):
Note that C' = Ju(tran(u) A u # 0 A B®X)) € T' = End(ho) because of tp(ho) =
Refi (B).

R[0] :

d() : /\ ﬁF(Tr”C), F(Tr”c)

,&0
327 (Ad% (2) A \ -DER)) D) (8.10)

—r(m,K)

h[1] :

ho[0] : T, B
=327 (Ad% (2) A \ DR 0K

(H;10.1)7%0

By tp(h) = Cutazﬂ(Ad@O(z)/\/\ ~G (=K follows

F(W»’C)

Ad B = ((H10.2)“77 A(s)) ho:

For A(s) =Vy"3x"G(s,y, z) we have A(s): = J="G(s,t,x).
Let T := End(ho) \ {A(s)}.

h[t] :==
ho : F7Vy7r3x7rG(57y7$) I?(.s)
I, 32" G(s,t,
L307C(02) ) gyume
I, 32" G(s,t,x) '
[, 32"G(s,t,z) A

(n,7)

By tp(h) = A 4(qy(nm follows T, A(s)™™).
Ad h = ((10.2)4™%)hg:

tp(ho) = RefZ A(s):
Let I' := End(ho) \ {A(s)}, A(s) as above.

h[0] :=
ho[0] : T, Vy™ 32" G(s, y, )
L, =L, I, Vy"32"G(s, y, )
Ad?(L,) T,3u"Vy"3Iz"G(u,y,z)
', Ad?(Ly) A Fu"Vy"32"G(u, y, x)

(H10.2)"77

By tp(h) = V. r (Ade (29 3us v 50 Glu.g.ey TOllows End(ho).

tp(ho) = Cuta:
Let 'y := End(ho[0]) \ {A} and I’y := End(ho[1]) \ {—A}.
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rk(A) =K
h[0] :=
hol0] : g, A ho[l] : 'y, —A
hold: Lo Ay s, Bl DAy
F07A("”C) o phﬁA(n,’C) o
Cut 4(x,x)
End(ho) e
(10.2)"™
End(ho) ¥

By Rep, follows End(ho).

m < rk(A) € Reg:

h[0] :=
ho[O]:FmA v 0 ho[l]:Fh—'A v 0
uta
EndEhoi 0 (a0)
End(ho) 7
———= (10.2)5™°
End(ho) (10-2)5,

By Rep, follows End(ho).
m < rk(A) € Reg, ag < rk(A) =: 7, without lost of generality A = 32" —F(x):

h[0] :=
ho[1] : End(ho), V" F(x)

End(ho)

End(ho)

S-a
(10.2)# ™%

By Rep, follows End(ho).

m < rk(A) € Reg, m = 7 < ap, without lost of generality A = 327 —F(z):

h[0] :=
ho[O] . 1—\07 El:L’T"F(.'I?) (10 2)#77’0 ho[l] : F:Vm"F(i') vq}g(dU)F(x)
FO,E':L’T‘!F(.'IJ) (\I’?_(d:)/),‘r) Flyvxq’T(QO)F(x) ( 2);1,,7',0
w0 (aq) By @9 (a0) a0
Do, 3z ') = F(x) Iy, Vo™ 20 F(z) Cut
0 (ag).
End(ho) A(¥Z(&0),7)

By Rep, follows End(ho).
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