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Abstract

We present a type theory TT M, extending Martin-Lof Type Theory by
adding one Mahlo universe V', a universe being the type theoretic analogue
of one recursive Mahlo ordinal. A model, formulated in a Kripke-Platek style
set theory KPM™, is given and we show that the proof theoretical strength
of TTM is < |KPM™| =g, (Qm+w). By [Se96a], this bound is sharp.

1 Introduction

M is recursive Mahlo, iff M is admissible and every M-recursive closed unbounded
subset of M contains an admissible ordinal. Equivalent to this is, that M is
admissible and for all Ay formulas ¢(x,y,Z2), and all Z € Ly such that Vo €
Ly 3y € Ly.¢(z,y,7) there exists an admissible § € Ly, which is admissible
and Vo € Lg3y € Lg.¢(x,y, Z). One can easily see, that M is recursive inaccessible
and that the § above can always be chosen to be recursive inaccessible.

Now one universe in Martin-Lof Type Theory is the least fixed point of an operator,
which includes in the presence of the W-type the step to the next admissible. Since,
using the W-type we can construct from the universe codes for a least universe, we
can regard the universe as the least fixed point. We can construct this therefore
precisely by iterating the operator up to the first recursive inaccessible. Proof theo-
retical analysis on the other hand shows, that we reach using universe and W-type
the first recursive inaccessible I in the sense that we can show transfinite induction
up to ¥, (I) (in fact up to g, (Qr1w), see [Se95] or [Se93] and the related results in
[GR94]). Therefore, universes in type theory correspond to recursive inaccessibles
in set theory.
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Further, the universe and its Tarski-operator 7" have to be defined simultaneously,
therefore the full universe is not only U, but Yz € U.T(z) — U.

If we put this together, we get the following formulation: V is a Mahlo-universe
(together with Tarski-operator 7'), if V' is a universe, and for every function f :
(Xx € VI(z) - V) — (Xz € V.I'(x) — V) there exists an element u; : V, and
a decoding function sy : T'(us) — V, such that (with Uy := T'(uys)) the following
properties hold:

e Uy is a sub-universe of V, i.e. it is closed under ordinary type constructions.
For instance, if a : Uy and x : T'(sf(a)) = b: Uy then opz € a.b: Uy, and we
have s¢(osx € a.b) = oyx € s¢(a).s¢(b) : V, T(ovzx € a.b) = Xz € T'(a).T(D).

e There is the restriction of f to Up: Resy : (Bx € UpT(s¢(x)) — Up) —
(Xx € Ur.T(sf(z)) — Uy) and with ¢f : (X2 € Up.T(s¢(x)) — Uy) — (Bz €
V.I(x) = V), t(p(r,t)) == p(sg(r), \ez.sg(tz)) we have ¢y o Resy = f oy,

In order, to make this definition possible in Logical Frameworks, we have to split
the function f into two functions g : V. — (T'(z) — V) — V and h : [lz : Vly :
(I'(z) — V). T(gry) — V. Further we have to define first a type U, inductively
and then define T'(u, ) := U, . We give the resulting theory preliminarily the name
TTM, type theory with Mahlo universe.

In this article, we will present a model for this type theory which is an extension
of the model given in [Se93] and [Se96b]. This model will show, that the proof
theoretical strength of TTM is < |[KPM™| < g, Qniw. In [Se96a] we show,
that this bound is in fact sharp by giving a series of well ordering proofs, showing
transfinite induction up to ¥q, (Qr4n) for n € w. Therefore the resulting theory has
exactly the desired strength.

There is related work by E. Griffor and M. Rathjen on the Mahlo universe, which
treats other aspects of it. There will be probably soon a draft available.

The idea, to work with ¥x € U.T(x) — U instead of U goes back to E. Palmgren,
who told this to the author in the Oberwolfach Meeting in Mathematical Logic 1995.
E. Palmgren’s studies of the super universe [Pa91] was a first major step towards
the Mahlo universe.

2 The Type Theory with one Mahlo Universe

Definition 2.1 (a) We have the symbols of Martin-Léof Type Theory as in [Se93],
definition 2.1, with the following modifications: we remove the term-construc-
tors n, n., +, ™, o, w, 1 and the type constructor U; we add the term-
constructors together with their arity ny (0), ngy (0) (where k € w), +v

(2)7 Ty (2), ov (2), wy (2)7 zV (3), n (2)7 ny (2) (where ke w): + (4)7 m (4);
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(b)

(c)

(d)

(¢)

o (4),w (4),1 (5), u (2),s (3), ResO (4), Resl (5), and the type constructors
V(1)U (2).

The b-objects are defined as in [Se93] definition 2.2 (a). We write +, +v infiz
(that is (a+0b) for +(a,b)) r+;4s for +fgrs, (x)t for \x.t, (z,y)t for (z)(y)t,
(z,y, 2)t for (x)(y, 2)t, Nyg fornfg, Nyt Jornyfg, Uf,g(ra s) for o(f,g,7,$),
similarly for m, w, i, Res0, Resl, u, s and if S € {E, I, W, oy, 7y, wy,
Ofgr Ty, Wigt, St € 5.t := S(s, (x)t). Further we write rs for Ap(r,s).

The conventions about omitting brackets, the definition of simultaneous substi-
tution (however we write t[xy := sq,...,%, = S,] instead of t[x1/s1, ..., xn/S)
to avoid confusion) and a-conversion are as in [Se93], definition 2.2.

The set of g-objects (for generalised objects) is inductively defined as: variables
x are g-terms; if n < k, n,k € N, then ny is a g-term; if k € N, then ny, is
a g-term; if r,s,t,sg,ty are g-terms, x,x’,y, z,u, v, v, 0" € Varyp, f =
(u,v)s0, g := (W, v, 0")ty, then 0, r, n, Sr, Ax.r, p(r,s), sup(r,s), i(r), j(r),
P(r,s, (z,y)t), Ap(r,s), po(r), pi(r), R(r,(z,y,2)s), D(r,(x)s, (2")t), mya €
7.8, Oyx € 1.5, Wyx € 1.5, rvs, iy(r,S,1), Tpet € 1.8, Opgk € T.S, Wygk €
7.8, T4 195, i.q(r,s,1), ResOsy(r, (x)s), Reslyy(r, (x)s,1), sp4(r), usy are g-
terms; ifn € N andr, sq,...,S, are g-terms, then Cy,(r,s1,...,S,) is a g-term.
Let Termg; be the set of closed g-terms.

The g-types are Ny (k € w), N, V and if A, B are g-types, x,y,z,u,v,u’ €
Varyyg, 1,8, 80, to g-terms, f = (y,z)so, g := (u,v,u)ty, then llx € A.B,
Yr e AB, Wee AB, A+ B, I(A,r,s), T(r), Uy, are g-types.

The g-context-pieces, g-contexts, g-statements and s[Z = ﬂ are defined as in
[Se93]. We treat here the usual statements A : type and s : A as abbreviations:
A: type=A=A s A=s=s:A

Definition 2.2 We define Type Theory with one Mahlo-universe T'T' M similarly as
the definition of M LWy in [Se93] definition 2.5, inductively defining TTM +T' =
©. We only remove all the rules for the Universe and replace them by the following
rules for the Mahlo-universe V :

(Wv)l

Type introduction rules for V'

r=r:V a:Tr)=s=s:V
mvr €rs=ayxrer.s:V




r:V.  x:T(r)=s:V
) T(ryx € r.s) =1z € T(r).T(s)

((mv)=

Similar rules for N, N, ¥, W, + and I

z:Viy: (T(x) = V)=sg=s,:V
x:Viy: (T(x) - V),z:T(sg) =tg=t,:V

U(z,y)s0,(z,p,2)t0 = W(zy)sh, @)ty © V.

(ur)

z:Viy: (T(x) = V)=50:V z:Vy:(T(x)—=V),z:T(so) =ty:V
T(u(xvy)507(x7yvz)t0) = U(xvy)507(x7yyz)t0

(u=)
Rules for U
z:Viy: (T(x) > V)=s0=s5:V

z:Viy: (T(x) = V),z:T(sg) =to=1t,:V

Uy)so@yto = Ulwy)sy (@9,2)t

(Ur)

r=1r":Us, x:Viy:(T(x)=V)=>so=155:V
z:Viy: (T(x) = V),z:T(sg) =to=1t,:V

S(xvy)507(x7y7z)t0 (T) = S(%y)sm(?ﬁ,y%)to (,r,> : V

(s1)

Introduction-Rules for U
In the following in all of the introduction-rules we have additional assumptions (rules
with subscript 1) x : Vyy : (T(x) - V) = so:Vandz : Viy: (T(x) - V), z:
T(S()) =ty V;
and in all of the equality-rules (rules with subscript =) additional assumptions x :
Viy: (T(xz) = V)=so=sy:Vandz: Viy: (T(x) = V),z:T(sg) =ty =1t,: V.
Let f:= (x,y)s0, [":= (z,y)s0, g := (2,9, 2)to, ¢’ := (2,9, 2)t.

r=r":Us, u:T(spe(r) =s=5:Us,
Res0¢ 4(r, (w)s) = ResOp (17, (w)s') : Us,

(R@SO[)

r:Usg w:T(spg(r))=s:Us,

(Res0-) Stg(ResOpg(r, (u)s)) = solx 1= sp4(r), y 1= Au.syg(s)] : V

w:T(spg(r)=s=5:Us, t =1t :T(spq(Res0g,(r, (x)s)))
r=r":Us,

Resl
(Resly) Resly (r, (u)s,t) = Resly o (r', (u)s',t') : Us,




(Resl.)

(mpg)1

(7rg)=

r:Us, w:T(spy(r)) = s:Usy t:T(ssq(Res0y4(r, (u)s)))
srg(Reslyg(r,(u)s,t)) =to[r :=sp4(r),y == Au.sq(s),z:=1t]: V

r=1r":Us, x:T(spy(r))=s=5:Us,
Tl €18 =mp g €78 1 Uy,

r:Up,  x:T(sp4(r)) = s:Us,
Srg(Trgr €1.8) =My € S5,4(r).574(s) 1 V

Similar rules for N, N, ¥, W, + and 1

3 Definition of KPM™

Definition 3.1 (a) The language of KPM™ is defined as the language of K Pi™*

(b)

(¢)

(d)

(¢)
(f)

in [Se93] but by adding one constant ad,, (the Mahlo admissible). We will use
all the abbreviations of [Se93].

The axiom schemes for KPM™ are defined as for KPit in [Se93] (in the
extended language) except that we replace the axiom schemes (4,) by the fol-
lowing:

(Mahlo)* V7 € ady.((Vx € ady .3y € adpyr.¢(x,y,Z)) —
Jw € ady(Ad(w) ANVz € w.Iy € w.g(x,y, 2)))
(¢ a Ao-formula)
(Ad(adyr))  Ad(adyy)
(4+n) Ay, .., Ad(xy) A - - NAd(x,) Nady € 29y ANy € g A - -
NLp_1 € Ty

KPM™ is the theory (Ext) + (Found) + (Pair) + (Union) + (Ag-sep) +
(Ag-coll) + (inf) + (Ad.1 - 3) + (Mahlo)® + (Ad(adys))+ {(+n)|n € w}.
So KPM™ is a theory, which guarantees the existence of one recursive Mahlo
and of finitely many admissibles above it.

We define Lo, func(f) (for f is a function) dom(f), rng(f) (for domain
and range of a function) and Ord (the class of ordinals) as usual. M :=
Uacordnady, @ In the following o, 3 always denote ordinals. Inacc(a) := o €
Ord N Ad(Ly) ANVx € Lo3y € Lo.(Ad(y) ANz € y) (« is an inaccessible).

We define a(a), ad(u), at(u), Ady, Ady as in [Se96b).

In the following in all definitions and lemmata, where we don’t mention which
part can be done in KPM™, the statement and definition can be carried out

in KPMT.
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Interpretation of terms and types

As in [Se96b], definition 4.1 we define the meaning of ag-extended g-terms, -types,
b-objects.

Definition 4.1  (a) The introductory term constructors are the term constructors

2.; j} b; 0; 57 r, sup, ny, Ny v (k € W), +v, Ty, Oy, Wy, iV; u.

(b) Let —red,immg, OT short —yeqimm be the relation between closed ay-extended

g-terms, having the clauses for po, p1, Ap, C,, D, P, R, A; as in [Se93],
definition 5.1 (c), additionally:

Df g red,immly Ny 1.0(75 8) = redimmDy v
81.9(T) = redimm? 01.9(ry 8) = redimmov (1, s)
Tty (7, 3)_’red7imm~7ﬁ/ (r,5) Wy.g (r, 3)_’red7immuiv (r,8)
T+ ¢ 9SS redimmT v S i5.9(7y 8, 1) = redimmiv(r, s, 1)

Res0(z.4)50,(a' 1y 20 (T (1) 8) = red immSo [T 1= 7,y := Au.s]
R681(Ivy)507(xlyy/7z/)t0 (’l“, (U)S, t)_>red7immt0 [3?/ =T, y’ = )\U.S, 2= t]

(¢c) Termug, 7% t —cqimm t are defined as in [Se93] definition 5.1

Lemma 4.2 Lemma 5.3 of [Se93], with K Pi* replaced by K PM™, holds.

Definition 4.3 (a) We define F*, Compl(u), N, Np*, Nbasis  Np=  [1basis

H*, Ebaszs; 2*} )\*; F{%Lszs; FW; W*, _i_baszs; +*; Z'baszs} ¥ as in /8696b/

(b) u —* v = 1" (y, \*(v)).

(¢) For A being a X-function, n; € w, i € w we define A[T = ii] as in [Se93],

definition 5.7 (where it is written as A[Z/7]).

(d) In the situation of (c), let (z;)A be the X-function with the same arguments as

A except u; i.e. ((2)A)[T =17 ={<u,Alzi :=u,Z:=17] > |u € Terme}.

(e) Overloading a little bit the notation of (c), we define for z € Varyyg, t a set

(f)

(which should be a function), r € Term, (2)t(r) := {< s,t(r[z := s]) >€
Terme; x TC(t)|r[z := s| € dom(t)}.

We define the interpretation of g-types A as in [Se96b], except that we remove
the definition of U*, and T(t)* and add instead:

lev(V):=1, V*:= VM,

lev(T(t)) := 0, (T(t))*[& := 5] == TM (t[z = 3)),

leU(Uﬁg) ::AO7 (Uf,g)* = TM(uﬁg);

where V', T are defined in the next definition.

For finitely many g-types this definition can be done in KPM™.



Definition 4.4 (a) Complv(v) := {< r,7" >€ Terme; x Terme|
ds, 5" € Termys.r—yeas N1'—,eas'’\ < 5,8 >€ v}.
Complt(tv) = {< s,v >€ Terme; x TC(tv)|
s’ € Termey.s—reaS'N < s',v >€ tv}.

(b) f/a(fv,tv) = Complv(voi’ms(fv,tv)), Ta(fv,tv) = Complt(fgam(fv,tv)),
where

Viasis(fo,to) = {< ny,ny >}

U <y, gy > [k € w}

U {<myx ers,mya’ €r'.s’ > Term,s x Termy,y|
o(ryz, s, 2, s', fo(a),tv)}

U {<oyx ers,ova’ €r'.s’ > Term,s x Termy,g|
o(r,z, s, v’ 2 ¢, fu(a),tv)}

U {<wyzx ers,wya’ €r'.s’ > Term,; x Termyy|
o(ryz, s, ', s', fo(a),tv)}

U {<r+tys,r’'+ys >€ Term,; x Term,y|
| <rr’ > <s,s >€ fu(a)}

U {<iv(r, s t),iv(r, s, t") > Termy,; x Term,|
| <rr' > fo()A <s,s > <t t >€tu(r)}

U A< Uy)s @ogo 2t War st a2y > Termpy X Termyy|
(Y, 8, 20,90, 2,t, 2", Y, ', 20, 40, 2, ', By + 1, fo, tv)

Thesis( fu, tv) := {< ny, N*™* >}

U {<npy, N > |k ew}

U {<myx €rs, I (to(r), (x)tuv(s)) >€ Term, s x ad(fvUtv)]
o(ryz, s, x, s, fo(a),tv)}

U {<oyz €rs X (tu(r), (z)tv(s)) > Termy,s x ad(fv U tv)
o(r,z,s,r,x, s, fo(a),tv)}

U {<wyz € r.s, W*(tu(r), (x)tv(s)),a™ (foUtv) >
€ Termy,s x ad(ad(fvUtv))|o(r,z, s, r,z, s, fo(a),tv)}

U {<r+tys, +*(to(r),tv(s)) >€ Terme; x ad(fv U tv)
<rr>,<s s> fula)}

U {<iy(rs,t), I*(tv(r),s,t) >€ ad(fv U tv)|
<r,r>€ fu(@)\ <s,s> <t t>ctu(r)}

U {< Uay)s,(z0,0,2)ts JU(B) >E€ Termpy x ad(fv U tv)|
U(x,y, s, o, Yo, 2, t, T, Y, S, To, Yo, 2, &, B, + 1, fu, tv)}

o(ryz, s, 2’ s v, tw) =
<rr >ev ANV <ttt >€to(r). < sz :=t], sz :=1] >€v)
¢($, Y, S, To, Yo, %, t> fE/, y/a 3/7 xé)a y(/)a Zl? t/7 ﬁa «, fU, tv) =
QZJ/([E, Y,S,%o, Yo, %, ta ZL'/, y/> S/a 336, y67 Z/a t/a 67 «, f'Ua t’U) A
V/B/ < ﬂﬁw/(x7 y? S? x07 y07 Z? t? x/7 y/7 8/7 'r67 y67 2/7 t/7 /8/7 a? fUJ tv)?
and
W(% Y, S, %o, Yo, <, t7 xlv y/7 8/7 xé)v y(/)7 2/7 tlv 57 Q, fU7 tU) =
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Inacc(Lg) N3 < a € Ord A
(V< rr > fu(B).Y <ry,ry >€ to(r) —=* fu(B).
(< sl :=ryy =1, s =71y =r)] >€ fu(B) A
V < s, 84 >€ to(s[x =1,y :=10)).
<tlr :=ry:=ro,z:= s, t'[2' :=1",y =1}, 2z = s5] >€ fo(B))).
(¢) By simultaneous recursion on o € Ord we define V“,TO‘.'
VO =10 :=9.
Verl .= V,(V]e, T), Tt .= T, (V]a, T*),

A

where Vi]a ={<7, V> |y <al.
VA= Uper VE, T := Uper T for X limit ordinal.

We verify that similar properties as in 6.1 - 6.17 of [Se93] hold and assume the same
definitions as there. Additionally we have

Lemma 4.5 Yoo € M.U[(a+ 1), T* € Ly;.

5 Main Lemma

Lemma 5.1 (Main lemma)
Let T', A be g-context-pieces, x,x; € Varyyg, A, A, B g-types, t,t' g-terms, 6 a g-
judgement. Assume ' =x1: Ay,..., 2, A,.

(a) fTTMFT =t=1t:A, then
(i) KPM*™ EYT=(r,8).(t =t : A)*[Z/7; 3].
(ii)) KPM* = VI'=(7,8).(A = A)*[Z/7;3].
(b)) IfTTM T = A=A, then
KPM* ENT=(7,8).(A = A)*[Z/r; 5].
(¢) [TTMFT,2: A A =0, then
KPM™* EVI=(735).(A = A)*[Z/F 3].
Proof: As lemma 6.18 in [Se93], with changes for the new rules. Because of lack
of space, we only give hints for some rules and treat the rule (u;) carefully. For
simplicity we assume for this rule that the context I' is empty.
Assume oo < M. If <77’ >e V < 5,8 >€ T¥(s) —=* V< then < r;r’ > V* <
s,8' >€ (T(s) — V)*, by IH therefore < so[z :=r,y := |, sz =1,y := 5] >e VP

for some @ < 3 < M. By (Ag — Coll)M there exists a < hg(a) < M such that all 3
can be chosen to be less than hg(«).



If < t,t' > T (s[x == 1y = s]), then < to[z := r,y := 5,2 == 1], t)[z =
'y =¢,z:=1] >€ V7 for some v, again by the collection-axiom we can find
some ho(a) < hy(a) < M such that we can bound the ~ as before by hi(a).
Further we can find h;(a) < ho(a) < M such that Ad(hs(a)).

Since M is Mahlo, we can find some § < M s.t. Ad(f), Va < B.he(a) < S.
Therefore Inacc() and S fulfils ¥'(x, y, so, z,y, 2, to, T, Y, S, T, Y, 2, ty, 5, ﬁ—l— 1 U|ﬁ
Tﬁ) therefore with the minimal such 8 we have ¥ (z,y, so, 7, Y, 2, 0, 7, Y, 80, 7, Y, 2,
té, ﬂ/ 6+1 U|ﬂ Tﬁ) and therefore < U(z,y)s0,(2,y,2)t0» W(z,y)s),(x,y,2)t) >c Vﬁ—H C VM
The other rules are casy, since Ul . 4y 2ys = (T U@y @y.)s))” = V7 (if the as-
sumptions as for the rule u; are fulfilled) for some inaccessible (3, therefore has (as
in the construction of U* in [Se93]) the closure properties of a universe, and by our
reduction rules we identify my and 7,4, the same for the other type constructors,
omit sy, and evaluate ResOy,, Resly,.

A more detailed proof will be given in a forthcoming paper.

6 Results
Lemma 6.1 |[KPM™| < g, (Qpr+w)-

Proof: Adapt [Ra91] or [Bu93] as in similar to the arguments for K Pi* in the proof
of theorem 7.8 in [Se93].

Remark: We write < instead of = in 6.1 only, because we haven’t seen a well-
ordering proof for K PM yet (which could then be lifted to K PM ™) although such
a proof probably exists. However the sequence (which is an unnecessary detour)
| TTM| < |KPM*| <o, (Qrw) < |TTM| shows anyway, that = holds.

Lemma 6.2 Assume ¢ is a I1i-formula. Let qg be the standard interpretation of ¢
in type theory and ¢ its interpretation in K PM* as in [Se96b] (with the power set
of the natural numbers restricted to sets in Ady). Then, if TTM + s : o, follows
KPM* + ¢.

Proof: By modifying the interpretation slightly by taking in the above proof the
corresponding definitions and proofs of [Se96b] instead of those in [Se93] and then
as in [Se93].

Theorem 6.3 |TTM| < ¥q,(Qnr1w)-

Proof: as in [Se96b].
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